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Introduction

“STEP 3 Past Papers” is presented by UE International Education (ueie.com), which is
designed as a companion to the STEP Standard Course and the STEP Question Practice.
It aims to help students to prepare the Cambridge STEP mathematics exams. It is also a

useful reference for teachers who are teaching STEP Exams.

All questions in this collection are reproduced from the official past papers released by the
University of Cambridge, with a few typos from the source files corrected. The 2024
Edition collects a total of 511 STEP 3 questions from 1987 to 2023.

How to Access Full Solutions

Although this document is free for everyone to use, the detailed solutions to all questions
are only available for subscribed users who have purchased one of the following

products of the UE Oxbridge-Prep series (click on the link to learn more):

STEP 2 3 Standard Course

e STEP 2 3 2024: All-in-One
STEP 3 Question Practice

e STEP 3 Question Practice Suit
¢ STEP 3 Past Questions (On-line Edition)

At least one of the official solution, hand-written solution or video solution is provided for
each question. Hand-written solutions are provided if official solutions are unavailable.

There are video solutions for some questions.

All solutions can be accessed ON-LINE ONLY.
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STEP 3 1987

STEP 3 1987
On-line Exam

Scan the QR code or click on the link to take an on-line exam.

Full solutions can be accessed after submission.

TIME ALLOWED: 180 MINUTES

INSTRUCTIONS TO CANDIDATES

Read this page carefully, but do not open this question paper until you are told that you
may do so.

Read the additional instructions on the front of the answer booklet.

Write your name, centre number, candidate number, date of birth, and indicate the
paper number in the spaces provided on the answer booklet.

INFORMATION FOR CANDIDATES
There are 16 questions in this paper.
Each question is marked out of 20. There is no restriction of choice.
All questions attempted will be marked.
Your final mark will be based on the six questions for which you gain the highest marks.

You are advised to concentrate on no more than six questions. Little credit will be given
for fragmentary answers.

Calculators are not permitted.
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[STEP 3, 1987Q1]
Find the set of positive integers n for which n does not divide (n — 1)!. Justify your answer.

[Note that small values of n may require special consideration.]

[STEP 3, 1987Q2]

Let I, , = [ cos™ x sinnx dx, where m and n are non-negative integers. Prove that for m,n >
1,

(m+n)ly, = —cos™xcosnx + mly,_q 1.

(i) Show that fon cos™ x sinnx dx = 0 whenever m, n are both even or both odd.

1
(ii) Evaluate foz“ sin? x sin 3x dx.

[STEP 3, 1987Q3]
(i) Ifz =x + iy, with x, y real, show that
[x|cosa + |y|sina < |z| < |x| + |y|
for all real a.

(ii) By considering (5 —i)*(1 + i), show that

=t () - (35)
41'[— an 5 an 239/

Prove similarly that

=3t () + ! (gg) + ™ ()
41'[— an 2 an 20 an 1985/)"
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[STEP 3, 1987Q4]

Two funnels A and B have surfaces formed by rotating the curvesy = x? and y = 2sinh™1 x
(x > 0) about the y-axis. The bottom of B is one unit lower than the bottom of 4 and they are
connected by a thin rubber tube with a tap in it. The tap is closed and 4 is filled with water to
a depth of 4 units. The tap is then opened. When the water comes to rest, both surfaces are at
a height h above the bottom of B, as shown in the diagram. Show that h satisfies the equation

h? —3h + sinh h = 15.

[STEP 3, 1987Q5]

A secret message consists of the numbers 1, 3, 7, 23, 24, 37, 39, 43, 43, 43, 45, 47 arranged in
some order as a4, dy, ..., @1. The message is encoded as by, by, ..., by, with 0 < b; < 49 and

byj = ay; + ny +j (mod 50),
baj+1 = Azj41 + 1y +j (mod 50),

for some integers ny and n,. If the coded message is 35, 27, 2, 36, 15, 35, 8, 40, 40, 37, 24, 48,
find the original message, explaining your method carefully.

[STEP 3, 1987Q6]

The functions x(t) and y(t) satisfy the simultaneous differential equations

dx

2x—5y=0
dt+ X y )

dy+ 2y =2 t
I ax y = 2cost,

subject to x = 0,% =0att=0.
Solve these equations for x and y in the case when a = 1.

Without solving the equations explicitly, state briefly how the form of the solutions for x and y
if a > 1 would differ from the form whena = 1.
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[STEP 3, 1987Q7]

Prove that
t3 t5 (_1)nt2n+1 t ,.2n+2
ta _1t—t__+__ +—+ _1n+1j d
375 nr1 OV e
Hence show that, if 0 < t < 1, then
t2n+3 n ( 1)rt2r+1 t2n+3
< |tanlt—
2(2n+3) —~  2r+1 2n+3
Show that, as n — oo,
z (- 1)r
but that the error in approximating by 4 Y.7*_ i)l is atleast 10™2 if n is less than or equal to

98.

[STEP 3, 1987Q8]

Show that, if the lengths of the diagonals of a parallelogram are specified, then the
parallelogram has maximum area when the diagonals are perpendicular. Show also that the
area of a parallelogram is less than or equal to half the square of the length of its longer diagonal.

The set A of points (x, y) is given by

laix + biy —c;] <6,
lazx + by — co] <6,

with a, b, # a,b;. Sketch this set and show that it is possible to find (x4, y;), (x2,¥,) € A with

882

X1 —X3)% + =z
(1 2) 01 —y2)° lab, — ayby|



[STEP 3, 1987Q9]

Let (G, *) and (H, °) be two groups and G X H the set of ordered pairs (g, h) with g € G and
h € H. A multiplication on G X H is defined by

(91, h1)(g2, h2) = (g1 * g2, by © hy)
forall g;,g, € G and hqy, h, € H.
Show that, with this multiplication, G X H is a group.
State whether the following are true or false and prove your answers.
(i) G X H is abelian if and only if both G and H are abelian.
(ii) G X H contains a subgroup isomorphic to G.
(iii) Z, X Z, is isomorphic to Z,.
(iv) S, X S5 is isomorphic to Sg.

[Z,, is the cyclic group of order n, and S, is the permutation group on n objects.]

[STEP 3, 1987Q10]

The Bernoulli polynomials P, (x), where n is a non-negative integer, are defined by Py(x) = 1
and, forn > 1,

dp, L
e nP,_;(x), fo B,(x)dx = 0.

Show, by using induction or otherwise, that
P,(x +1) — P,(x) = nx"1, forn > 1.

Deduce that

k
n Y mth = By + 1) = By(0),
m=0

Hence show that ¥1%%9m3 = (500 500)2.
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[STEP 3, 1987Q11]

A woman stands in a field at a distance of a m from the straight bank of a river which flows
with negligible speed. She sees her frightened child clinging to a tree stump standing in the
river b m downstream from where she stands and ¢ m from the bank. She runs at a speed of u
m s1 and swims at v m s'1 in straight lines. Find an equation to be satisfied by x, where x m is
the distance upstream from the stump at which she should enter the river if she is to reach the
child in the shortest possible time.

Suppose now that the river flows with speed v m s and the stump remains fixed. Show that,
in this case, x must satisfy the equation

2vx%(b —x) = u(x? — c?)[a? + (b — x)z]%.

For this second case, draw sketches of the woman's path for the three possibilitiesb > ¢, b = ¢
and b < c.

[STEP 3, 1987Q12]

A firework consists of a uniform rod of mass M and length 2a, pivoted smoothly at one end so
that it can rotate in a fixed horizontal plane, and a rocket attached to the other end. The rocket
is a uniform rod of mass m(t) and length 2I(t), with m(t) = 2al(t) and a constant. It is
attached to the rod by its front end and it lies at right angles to the rod in the rod's plane of

rotation. The rocket burns fuel in such a way that i—rf = —af3, with § constant. The burnt fuel is
ejected from the back of the rocket, with speed u and directly backwards relative to the rocket.
Show that, until the fuel is exhausted, the firework's angular velocity w at time ¢ satisfies

dw 3afau

dt  2[Ma? + 2al{3a% + 12}]

[STEP 3, 1987Q13]

A uniform rod, of mass 3m and length 2a, is freely hinged at one end and held by the other end
in a horizontal position. A rough particle, of mass m, is placed on the rod at its mid-point. If the
free end is then released, prove that, until the particle begins to slide on the rod, the inclination
0 of the rod to the horizontal satisfies the equation

5a0% = 8¢ sin .
The coefficient of friction between the particle and the rod is % Show that, when the particle

begins to slide, tan 8 = %.



[STEP 3, 1987Q14]

It is given that the gravitational force between a disc, of radius a, thickness §x and uniform
density p, and a particle of mass m at a distance b (= 0) from the disc on its axis is

b
2mtmkpéx |1 ——— |,

(a2 + b?)2

where k is a constant. Show that the gravitational force on a particle of mass m at the surface

kmM
r2

of uniform density, which all attract one another gravitationally, the radius r and inward

of a uniform sphere of mass M and radius r is

. Deduce that in a spherical cloud of particles

. d . . .
velocity v (= — d—:) of a particle at the surface satisfy the equation

dv_ kM
1Jdr_ r2’

where M is the mass of the cloud.

At time t = 0, the cloud is instantaneously at rest and has radius R. Show thatr = R cos?® a
after a time

1
R3 |2 1 5
kM <a+§sm a).

[STEP 3, 1987Q15]

A patient arrives with blue thumbs at the doctor's surgery. With probability p the patient is
suffering from Fenland fever and requires treatment costing £100. With probability 1 — p he
is suffering only from Steppe syndrome and will get better anyway. A test exists which infallibly
gives positive results if the patient is suffering from Fenland fever but also has probability q of
giving positive results if the patient is not. The test costs £10. The doctor decides to proceed as
follows. She will give the test repeatedly until eitherthe last test is negative, in which case she
dismisses the patient with kind words, or she has given the test n times with positive results
each time, in which case she gives the treatment. In the case n = 0, she treats the patient at
once. She wishes to minimise the expected cost £E,,, to the National Health Service.

(i) Show that
Enyq — Ep = 10p —10(1 — p)q™(9 — 10q),
and deduce thatif p = 10™%, g = 1072, she should choose n = 3.

(ii) Show that if g is larger than some fixed value g,, to be determined explicitly, then,
whatever the value of p, she should choose n = 0.
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[STEP 3, 1987Q16]

(i) Xy,X,,..,X, are independent identically distributed random variables drawn from a
uniform distribution on [0, 1] The random variables A and B are defined by

A = min(Xy, ..., X;), B = max(Xy, ..., Xp).
For any fixed k, such that 0 < k < %, let

pn=P(A<kandB >1-k).
What happens to p,, as n = o? Comment briefly on this result.

(ii) Lord Copper, the celebrated and imperious newspaper proprietor, has decided to run a
lottery in which each of the 4 000 000 readers of his newspaper will have an equal
probability p of winning £1 000 000 and their chances of winning will be independent. He
has fixed all the details leaving to you, his subordinate, only the task of choosing p. If
nobody wins £1 000 000, you will be sacked, and if more than two readers win £1 000 000,
you will also be sacked. Explaining your reasoning, show that however you choose p, you
will have less than a 60% chance of keeping your job.
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STEP 3 1988
On-line Exam

Scan the QR code or click on the link to take an on-line exam.

Full solutions can be accessed after submission.

TIME ALLOWED: 180 MINUTES

INSTRUCTIONS TO CANDIDATES

Read this page carefully, but do not open this question paper until you are told that you
may do so.

Read the additional instructions on the front of the answer booklet.

Write your name, centre number, candidate number, date of birth, and indicate the
paper number in the spaces provided on the answer booklet.

INFORMATION FOR CANDIDATES
There are 16 questions in this paper.
Each question is marked out of 20. There is no restriction of choice.
All questions attempted will be marked.
Your final mark will be based on the six questions for which you gain the highest marks.

You are advised to concentrate on no more than six questions. Little credit will be given
for fragmentary answers.

Calculators are not permitted.
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[STEP 3, 1988Q1]

Sketch the graph of
xZe™*
Y 1+ x
for —oo < x < o0,
Show that the value of
o xZe—x
fo 1+x dx

lies between 0 and 1.

[STEP 3, 1988Q2]
The real numbers ug, uq, u,, ... satisfy the difference equation
AQUpir +bupi+cu, =0 (m=0,1,2,..),
where a, b and c are real numbers such that the quadratic equation
ax’+bx+c=0

has two distinct real roots a and . Show that the above difference equation is satisfied by the
numbers u,, defined by

u, = Aa™ + Bp",
where

u,s — pu, u; —au
_mm P g Ty
a—pf p—a

Show also, by induction, that these numbers provide the only solution.

A

Find the numbers v, (n = 0, 1, 2, ...) which satisfy
8m+2)(n+ Doy —2n+3)(n+ Dvppy —(m+3)(n+2)v, =0

withvy =0and vy = 1.

[STEP 3, 1988Q3]

Give a parametric form for the curve in the Argand diagram determined by |z — i| = 2.

Letw = Z—: Find and sketch the locus, in the Argand diagram, of the point which represents
the complex number w when

i) |z—i|l=2.

(ii) zisreal

(iii) z is imaginary.
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[STEP 3, 1988Q4]

A kingdom consists of a vast plane with a central parabolic hill. In a vertical cross-section
through the centre of the hill, with the x-axis horizontal and the z-axis vertical, the surface of
the plane and hill is given by

i(az—xz) for |x] < a
zZ=12a -

0 for |x| > a.
The whole surface is formed by rotating this cross-section about the z-axis. In the (x, z) plane
through the centre of the hill, the king has a summer residence at (—R,0) and a winter
residence at (R,0), where R > a. He wishes to connect them by a road, consisting of the
following segments:

aZ

(i) apathinthe (x, z) plane joining (=R, 0) to (—b, ;abz), where 0 < b < a.

2_32
@b ),ifb;&O.
a

(ii) ahorizontal semicircular path joining the two points (+b

2_p2
(iii) a path in the (x, z) plane joining (b,%) to (R, 0).

The king wants the road to be as short as possible. Advise him on his choice of b.

[STEP 3, 1988Q5]

A firm of engineers obtains the right to dig and exploit an undersea tunnel. Each day the firm
borrows enough money to pay for the day’s digging, which costs £c, and to pay the daily
interest of 100k% on the sum already borrowed. The tunnel takes T days to build, and, once
finished, earns £d a day, all of which goes to pay the daily interest and repay the debt until it is
fully paid. The financial transactions take place at the end of each day’s work. Show that S,,, the
total amount borrowed by the end of day n, is given by

o+ m-1]
™N k

forn<T.

Given that St,,, > 0, where m > 0, express Sr,,, interms of ¢, d, k, T and m.

Show that, if % > (1 + k)T — 1, the firm will eventually pay off the debt.

[STEP 3, 1988Q6]
Let f(x) = sin 2x cos x. Find the 1988th derivative of f (x).

Show that the smallest positive value of x for which this derivative is zero is g + €, where eiis

approximately equal to

3 —1989\/§
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[STEP 3, 1988Q7]
Forn = 0,1, 2, .., the functions y,, (x) satisfy the differential equation

d%y,

dx? w?x%y, = —C2n+ Dwy,,

. " d .
where w is a positive constant, and y,, = 0 and % — 0 asx — 400 and as x = —oo. Verify that
these conditions are satisfied, forn = 0 and n = 1, by

Vo) =e™™ and  y;(x) = xe™*
for some constant A, to be determined.
Show that

dx ym dx yTL x ymyn )
and deduce that, if m # n,

f Y (1) () dx = 0.

[STEP 3, 1988Q8]
Find the equations of the tangent and normal to the parabola y? = 4ax at the point (at?, 2at).

Fori = 1,2, and 3, let P; be the point (atiz, 2atl-), where t4, t, and t5 are all distinct. Let A; be
the area of the triangle formed by the tangents at P;, P, and P3, and let A, be the area of the
triangle formed by the normals at P;, P, and P;. Using the fact that the area of the triangle with
vertices at (xq,y,), (x3,¥,) and (x3,y3) is the absolute value of

1 x1 yo 1
Edet X, Yy, 11,
X3 y3 1
ShOW thatA2 == (tl + tz + t3)2A1.

Deduce a necessary and sufficient condition in terms of ¢4, t, and t5 for the normal at P;, P, and
P; to be concurrent.

[STEP 3, 1988Q9]

Let G be a finite group with identity e. For each element g in G, the order of g, 0(g), is defined
to be the smallest positive integer n for which g™ = e.

(i) Show that, if o(g) = nand g" = e, thenn divides N.
(ii) Let g and h be elements of G. Prove that, for any integer m,
gh™g™t = (ghg™")™

(iii) Let g and h be elements of G, such that g°> = e, h # e and ghg™' = h?. Prove that
g?hg~? = h* and find o(h).
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[STEP 3, 1988Q10]

Four greyhounds, 4, B, C and D, are held at positions such that ABCD is a large square. At a
given instant, the dogs are released and A runs directly towards B at constant speed v, B runs
directly towards C at constant speed v, and so on. Show that A’s path is given in polar
coordinates (referred to an origin at the centre of the field and a suitable initial line) by r =
Ae~?, where 1 is a constant.

Generalise this result to the case of n dogs held at the vertices of a regular n-gon (n = 3).

[STEP 3, 1988Q11]

6 f
113

A uniform ladder of length [ and mass m rests with one end in contact with a smooth ramp

inclined at an angle ofg to the vertical. The foot of the ladder rests, on horizontal ground, at a
distance \/% from the foot of the ramp, and the coefficient of friction between the ladder and the

ground is p. The ladder is inclined at an angle E to the horizontal, in the vertical plane

containing a line of greatest slope of the ramp. A labourer of mass m intends to climb slowly to
the top of the ladder.

(i) Find the value of u if the ladder slips as soon as the labourer reaches the midpoint.

(ii) Find the minimum value of y which will ensure that the labourer can reach the top of the
ladder.

[STEP 3, 1988Q12]

A smooth billiard ball moving on a smooth horizontal table strikes another identical ball which
is atrest. The coefficient of restitution between the balls is e (< 1). Show that after the collision

the angle between the velocities of the balls is less than %1‘[.

Show also that the maximum angle of deflection of the first ball is

. _1(1+e>
Sin 3—(?.
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[STEP 3, 1988Q13]

A goalkeeper stands on the goal-line and kicks the football directly into the wind, at an angle a
to the horizontal. The ball has mass m and is kicked with velocity v,. The wind blows
horizontally with constant velocity w and the air resistance on the ball is mk times its velocity
relative to the wind velocity, where k is a positive constant. Show that the equation of motion
of the ball can be written in the form

dv
dt

where v is the ball’s velocity relative to the ground, and g is the acceleration due to gravity.

+ kv =g+ kw,

By writing down horizontal and vertical equations of motion for the ball, or otherwise, find its
position at time t after it was kicked.

On the assumption that the goalkeeper moves out of the way, show thatiftana = %, then the

goalkeeper scores an own goal.

[STEP 3, 1988Q14]
A small heavy bead can slide smoothly in a vertical plane on a fixed wire with equation
2
X

Y=X~"aa’

where the y-axis points vertically upwards and a is a positive constant. The bead is projected
from the origin with initial speed V along the wire.

(i) Show that for a suitable value of V, to be determined, a motion is possible throughout
which the bead exerts no pressure on the wire.

(ii) Show that 6, the angle between the particle's velocity at time t and the x-axis, satisfies

4q262
cos® 8

+ 2ga(1 —tan?9) = V2.



[STEP 3, 1988Q15]

Each day, books returned to a library are placed on a shelf in order of arrival, and left there.
When a book arrives for which there is no room on the shelf, that book and all books
subsequently returned are put on a trolley. At the end of each day, the shelf and trolley are
cleared. There are just two-sizes of book: thick, requiring two units of shelf space; and thin,
requiring one unit. The probability that a returned book is thick is p, and the probability that it
is thin is ¢ = 1 — p. Let M(n) be the expected number of books that will be put on the shelf,
when the length of the shelf is n units and n is an integer, on the assumption that more books
will be returned each day than can be placed on the shelf. Show, giving reasoning, that:

i M) =o.
(i) M(Q1) =q.
(ii) M(n) —gM(n—1) —pM(n—2) = 1,forn = 2.
Verify that a possible solution to these equations is
M(n) =A(—p)" + B + Cn,

where A, B and C are numbers independent of n which you should express in terms of p.

[STEP 3, 1988Q16]

Balls are chosen at random without replacement from an urn originally containing m red balls
and M — m green balls. Find the probability that exactly k red balls will be chosen in n choices
O0<k=sm0<n<M).

The random variables X; (i = 1,2, ...,n) are defined forn < M by

X = {0 if the ith ball chosen is green
W ifthe ith ball chosen is red

Show that

i) PXi=1=4,

m(m—1)

(i) P{X; =1 and X; =1} = S

fori # j.

Find the mean and variance of the random variable X defined by

n
X = ZXl
i=1
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[STEP 3, 1989Q1]

Prove that the area of the zone of the surface of a sphere between two parallel planes cutting
the sphere is given by

2m X (radius of sphere) X (perpendicular distance between the planes).
A tangent from the origin O to the curve with cartesian equation
(x—c)?+y?=a?

where a and c are positive constants with ¢ > a, touches the curve at P. The x-axis cuts the
curve at Q and R, the points lying in the order OQR on the axis. The line OP and the arc PR are
rotated through 2m radians about the line OQR to form a surface. Find the area of this surface.

[STEP 3, 1989Q2]

The points 4, B and C lie on the surface of the ground, which is an inclined plane. The point B
is 100m due north of 4, and C is 60m due east of B. The vertical displacements from A to B,
and from B to C, are each 5m downwards. A plane coal seam lies below the surface and is to be
located by making vertical bore-holes at 4, B, and C. The bore-holes strike the coal seam at
95m, 45m and 76m below A, B and C repectively. Show that the coal seam is inclined at

cos™! (g) to the horizontal.

The coal seam comes to the surface along a line. Find the bearing of this line.

[STEP 3, 1989Q3]

The matrix M is given by

21 VAL
cosz — sz
M 2T 2 /)

sin— cos—
m m

where m is an integer greater than 1. Prove that
M™ 14+ M™24+..+ M2+ M+1=0,

wherel = ((1) (1)) and O = (8 g)

The sequence X, X1, X, ... is defined by
Xk+1 = PX +Q,

where P, Q and X, are given 2 X 2 matrices. Suggest a suitable expression for X;, in terms of P,
Q and X, and justify it by induction.

The binary operation * is defined as follows:
X; = X; isthe result of substituting X; for X, in the expression for X;.

Show that if P = M, the set {X;, X, X3, ... } forms a finite group under the operation *.
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[STEP 3, 1989Q4]
Sketch the curve whose cartesian equation is

2x(x? —5)
- x2-—4
and give the equations of the asymptotes and of the tangent to the curve at the origin.

Hence, or otherwise, determine (giving reasons) the number of real roots of the following
equations:

(1) 4x(x?-5) = (5x —2)(x2 — 4).
(i) 4x*(x?2—-5)2 = (x?2 —4)2(x%2 +1).
(iii) 4z%2(z — 5)? = (z — 49)?*(z + 1).

[STEP 3, 1989Q5]

Given that y = cosh(n cosh™ x), for x > 1, prove that

y =5 (et 1) + (x =V 1))

Explain why, when n = 2k + 1 and k € Z*, y can also be expressed as the polynomial

agx + a;x3 + ayx® + -+ + a2k,
Find ag, and show that:

. _ o ayk—1 2k(k+1)(2k+1)
® a=CED"——

. — k 2(k—Dk(k+1)(k+2)(2k+1)
(i) @z = (1) " .

Find also the value of ¥¥_, a,..

[STEP 3, 1989Q6]

Show that, for a given constant y (siny # 0) and with suitable choice of the constants 4 and B,
the line with cartesian equation Ix + my = 1 has polar equation

1
<= Acos6 + Bcos(6 —v).
The distinct points P and @ on the conic with polar equation
a
—=1+ecosH
r

correspond to 8 =y — § and 8 = y + § respectively, and cos § # 0. Obtain the polar equation
of the chord PQ. Hence, or otherwise, obtain the equation of the tangent at the point where 8 =

Y-

The tangents at L and M to a conic with focus S meet at T. Show that ST bisects the angle LSM
and find the position of the intersection of ST and LM in terms of your chosen parameters for
L and M.
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[STEP 3, 1989Q7]

The linear transformation T is a shear which transforms a point P to the point P’ defined by:

Q) PP’ makes an acute non-zero angle a (anticlockwise) with the x-axis,
(ii) 2POP’is clockwise (i.e. the rotation from OP to OP’ clockwise is less than 1),

(iii) PP' = k X PN, where PN is the perpendicular onto the line y = x tan @, where k is a given
non-zero constant.

If T is represented in matrix form by (;:) =M (;), show that

M=<1—ksinacosa k cos® a )
—ksin? a 1+ ksinacosa/

p q

Show that the necessary and sufficient condition for (r t) to commute with M is

t—p=2qtana = —2rcota.

[STEP 3, 1989Q8]
Given that

dx dy 2t | -2t
E—4(x—y) and a—x—lZ(e +e74h),

obtain a differential equation for x which does not contain y. Hence, or otherwise, find x and y
in terms of t given thatx = y = 0 when t = 0.

[STEP 3, 1989Q9]

Obtain the sum to infinity of each of the following series.

M 1+s+5+5+-+

T
2r-1

+ e

. 1 1 1 1 1 1

(ll) 1+EXE+§X2_Z+ +;X2T—_1+ .

...y I1X3 1 1Xx3X%5 1 1x3%--X(2k—1) 1
(111)7X5+TX3—2+"'+ Y 3k—1+”'

[Questions of convergence need not be considered.]
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[STEP 3, 1989Q10]

(i) Prove that

n

2 rr+ D +2)r+3)r+4) = %n(n +1)(n+2)(n+3)(n+4)(n+5)

r=1

and deduce that
= 1
z r <=n(n+ D+ 2+ D+ D+ 5).
r=1

(ii) Prove that, ifn > 1,
n-—1

Z s> %(n M- —-3)n-2)n—-1Dn

=0
(iii) Let f be an increasing function. If the limits
n-—1 n
. a (ra . a (ra
fm > 2 () anddm ) 2r ()
r=0 r=1
both exist and are equal, the definite integral foa f(x) dx is defined to be their common

value. Using this definition, prove that

a a°
J x> dx = —.
0 6

[STEP 3, 1989Q11]

A smooth uniform sphere, with centre 4, radius 2a and mass 3m, is suspended from a fixed
point O by means of a light inextensible string, of length 3a, attached to its surface at C. A
second smooth uniform sphere, with centre B, radius 3a and mass 25m, is held with its surface
touching 0 and with OB horizontal. The second sphere is released from rest, falls and strikes

the first sphere. The coefficient of restitution between the spheres is z. Find the speed U of A

immediately after the impact in terms of the speed V of B immediately before impact.

The same system is now set up with a light rigid rod replacing the string and rigidly attached

to the sphere so that OCA is a straight line. The rod can turn freely about O. The sphere with
125U

centre B is dropped as before. Show that the speed of A immediately after impact is 27

5



[STEP 3, 1989Q12]

A smooth horizontal plane rotates with constant angular velocity Q about a fixed vertical axis
through a fixed point O of the plane. The point 4 is fixed in the plane and OA = a. A particle P
lies on the plane and is joined to A by alight rod of length b (b < a) freely pivoted at A. Initially
OAP is a straight line and P is moving with speed (a + 2\/%)0 perpendicular to OP in the
same sense as (). At time t, AP makes an angle ¢ with OA4 produced. Obtain an expression for

2
the component of the acceleration of P perpendicular to AP in terms of%, ¢, a, b and Q.

dé
dt

Hence find —, in terms of ¢, a, b and £, and show that P never crosses OA.

[STEP 3, 1989Q13]

The points 4, B, C, D and E lie on a thin smooth horizontal table and are equally spaced on a
circle with centre O and radius a. At each of these points there is a small smooth hole in the
table. Five elastic strings are threaded through the holes, one end of each being attached at O
under the table and the other end of each being attached to a particle P of mass m on top of the
table. Each of the strings has natural length a and modulus of elasticity 4. If P is displaced from
O to any point F on the table and released from rest, show that P moves with simple harmonic

motion of period T, where
b am
= 2T / TR

The string PAO is replaced by one of natural length a and modulus kA. P is displaced along OA
from its equilibrium position and released. Show that P still moves in a straight line with

simple harmonic motion, and, given that the period is g, find k.

[STEP 3, 1989Q14]

(i) A solid circular disc has radius a and mass m. The density is proportional to the distance
from the centre 0. Show that the moment of inertia about an axis through O perpendicular

to the plane of the disc is Smaz.

(ii) Alightinelastic string has one end fixed at A. It passes under and supports a smooth pulley
B of mass m. It then passe over a rough pulley C which is a disc of the type described in (i),
free to turn about its axis which is fixed and horizontal. The string carries a particle D of
mass M atits other end. The sections of the string which are not in contact with the pulleys
are vertical. The system is released from rest and moves under gravity for t seconds. At
the end of this interval the pulley B is suddenly stopped. Given that m < 2M, find the
resulting impulse on D in terms of m, M, g and t.

[You may assume that the string is long enough for there to be no collisions between the
elements of the system, and that the pulley C is rough enough to prevent slipping
throughout.]
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[STEP 3, 1989Q15]

The continuous random variable X is uniformly distributed over the interval [—c, c¢]. Write
down expressions for the probabilities that:

(i) nindependently selected values of X are all greater than k,
(ii) nindependently selected values of X are all less than k,
where k lies in [—c, c].

A sample of 2n + 1 values of X is selected at random and Z is the median of the sample. Show
that Z is distributed over [—c, ¢] with probability density function

2n+1)!

2o 7"

Deduce the value of f_cc(c2 —z3)"dz.

Evaluate E(Z) and Var(2).

[STEP 3, 1989Q16]
It is believed that the population of Ruritania can be described as follows:
(i) 25% are fair-haired and the rest are dark-haired.
(ii) 20% are green-eyed and the rest hazel-eyed.
(iii) the population can also be divided into narrow-headed and broad-headed.
(iv) no narrow-headed person has green eyes and fair hair.
(v) those who are green-eyed are as likely to be narrow-headed as broad-headed.

(vi) those who are green-eyed and broad-headed are as likely to be fair-haired as dark-
haired.

(vii)half the population is broad-headed and dark-haired.

(viii)a hazel-eyed person is as likely to be fair-haired and broad-headed as dark-haired
and narrow-headed.

Find the proportion believed to be narrow-headed.

[ am acquainted with only six Ruritanians, all of whom are broad-headed. Comment on this
observation as evidence for or against the given model.

A random sample of 200 Ruritanians is taken and is found to contain 50 narrow-heads. On the
basis of the given model, calculate (to a reasonable approximation) the probability of getting
50 or fewer narrow-heads. Comment on the result.
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[STEP 3, 1990Q1]

Show, using de Moivre’s Theorem, or otherwise, that

t(t? —3)(t® — 33t* + 27t2 - 3)

t 99 = 1]
an (3t2 — 1)(3t6 — 27t% + 33t2 — 1)

where t = tan 6.

By considering the equation tan 96 = 0, or otherwise, obtain a cubic equation with integer
coefficients whose roots are

T 2T 41
tan? (5) , tan? (;) and tan? (—)

Deduce the value of

tan (3 tan (5 ) tan ().

Show that

L8 2T 41
tan® (6) + tan® <?> + tan® (?) = 33273.

[STEP 3, 1990Q2]

The distinct points 0(0, 0, 0), A(a3, a?, a), B(b3,b?,b) and C(c3,c?,c) lie in three-dimensional
space.

(i) Prove that the lines OA4 and BC do not intersect.

(ii) Giventhata and b can vary with ab = 1, show that AOB can take any value in the interval
0 <A0B < g, but no others.

[STEP 3, 1990Q3]

The elements a, b, c, d belong to the group G with binary operation *. Show that
(i) ifa,banda * b are of order 2, then a and b commute.

(ii) ¢ *d and d * c have the same order.

(iii) if c™*b*c=b", thenc™t*bSxc = b and ¢ ™" * b * c™ = b5"".



[STEP 3, 1990Q4]
Given that sin § # 0, sum the series
cosa + cos(a + 2B) + -+ + cos(a + 2rB) + -+ + cos(a + 2npB)

and

n n
cosa+(
r

1) cos(ax +2B8) + -+ ( )cos(a + 2rB) + -+ + cos(a + 2np).

Given that sin @ # 0. Prove that

sin(n + 1)8 sec™ 0

1+ cosfsech + cos 26 sec?0 + -+ cosrfsec” 0 + -+ cosnf sec 6 = e

[STEP 3, 1990Q5]

Prove that, for any integers n and r, with 1 < r < n,

n n n+1
(r)+(r—1)_< r )
Hence or otherwise, prove that
n n
) — ) (n-1),,(1) n-2),,(2) 4 ... ()]
(uv) u v+(1)u v +(2)u v+ uv',

Tz

. d
where u and v are functions of x and z means o

Prove that, if y = sin" x, then (1 — x2)y™*? — (2n 4+ D)xy®*+D — n2y™ =,

[STEP 3, 1990Q6]

The transformation T from ( ) to ()}f) is given by

X
y
X 2,9 _2\/x
(Y) B E(—z 6 ) (y)
Show that T leaves the vector (;) unchanged in direction but multiplied by a scalar, and that

(_21) is similarly transformed.

The circle C whose equation is x? + y? = 1 transforms under T to a curve E. Show that E has
equation

8X2% + 12XY + 17Y? = 80,

and state the area of the region bounded by E. Show also that the greatest value of X on E is

17
2 |—
5

Find the equation of the tangent to E at the point which corresponds to the point G,g) on C.

K



[STEP 3, 1990Q7]
The points P(0,a), Q(a, 0) and R(a, —a) lie on the curve C with cartesian equation
xy?+x3+a’y—a®=0, wherea>0.

Ateach of P, Q and R, express y as a Taylor series in h, where h is a small increment in X, as far
as the term in h?%. Hence, or otherwise, sketch the shape of C near each of these points.

Show that, if (x, y) lies on C, then
4x* — 4a3x —a* < 0.
Sketch the graph of y = 4x* — 4a3x — a*.

Given that the y-axis is an asymptote to C, sketch the curve C.

[STEP 3, 1990Q8]

Let P, Q and R be functios of x. Prove that, for any function y of x, the function Py"’ + Qy’ + Ry

can be written in the form % (py' + qy), where p and q are finctions of x, if and only if P"" —
Q"+R=0.

Solve the differential equation
(x —xYy" + (1 —7x®)y’ — 9x?%y = (x3 + 3x?)e”,
given that whenx = 2,y = 2e? and y’ = 0.

[STEP 3, 1990Q9]

The real variables 6 and u are related by the equation tan8 = sinhu and 0 < 6 < g Letv =

sech u. Prove that

(i) v=cos®.

oy de

(ii) il

oy s _ dv N d*v
(iii) sin26 = —2— and cos26 = —coshu .

. dud?v | dvd?u du\2
(iv) =—+—=— —) =0.
do doz do doz de
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[STEP 3, 1990Q10]
By considering the graphs of y = kx and y = sin x, show that the equation kx = sin x, where
k > 0, may have 0, 1, 2 or 3 roots in the interval (4n + 1); <x<(@n+5) g, where n is a
positive integer.
For a certain given value of n, the equation has exactly one root in this interval. Show that k

2 ,Where 0 < § < Zand
(an+1D)m 2

lies in an interval which may be written sind < k <

coséd = <(4n + 5);— 5) sin é.

Show that, if n is large, then § = and obtain a second, improved, approximation.

2
(4n+5)T

[STEP 3, 1990Q11]

The points 0, A, B and C are the vertices of a uniform square lamina of mass M. The lamina can
turn freely under gravity about a horizontal axis perpendicular to the plane of the lamina
through O. The sides of the lamina are of length 2a. When the lamina is hanging at rest with
the diagonal OB vertically downwards it is struck at the mid-point of OC by a particle of mass
6M moving horizontally in the plane of the lamina with speed V. The particle adheres to the
lamina. Find, in terms of a, M and g, the value which V2 must exceed for the lamina and particle
to make complete revolutions about the axis.

[STEP 3, 1990Q12]

A uniform smooth wedge of mass m has congruent triangular end faces 4, B;C; and A,B,C,,
and A,4,, BB, and C; C, are perpendicular to these faces. The points 4, B and C are the mid-
points of A;A,, BB, and C; C, respectively. The sides of the triangle ABC have lengths AB =
AC = 5a and BC = 6a. The wedge is placed with BC on a smooth horizontal table, a particle of
mass 2m is placed at A on AC, and the system is released from rest. The particle slides down
AC, strikes the table, bounces perfectly elastically and lands again on the table at D. At this time

the point C of the wedge has reached the point E; show that DE = ljza.

[STEP 3, 1990Q13]

A particle P is projected, from the lowest point, along the smooth inside surface of a fixed
sphere with centre 0. Itleaves the surface when OP makes an angle 8 with the upward vertical.
Find the smallest angle that must be exceeded by 6 to ensure that P will next strike the surface
below the level of 0.

[You may find it helpful to find the time at which the particle strikes the sphere.]
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[STEP 3, 1990Q14]
The edges OA, OB, OC of a rigid cube are taken as coordinate axes and 0’, A’, B', C'are the

a
vertices diagonally opposite 0, 4, B, C, respectively. The four forces acting on the cube are (5)
2 1
at 0(0,0,0), (g) at 0'(a,a,a), (_01) at B(0,a,0) and (ﬁ) at B'(a,0,a). The moment of the
2
system about O is zero: find 4, u and v.

(i) Giventhata = f =y = 0, find the system consisting of a single force at B together with a
couple which is equivalent to the given system.

(ii) Giventhata = 2, = 3 and y = 2, find the equation of the locus about each point of which
the moment of the system is zero. Find the number of units of work done on the cube when
it moves (without rotation) a unit distance in the direction of this line under the action of
the given forces only.

[STEP 3, 1990Q15]

An unbiased twelve-sided die has its faces marked 4, A4, 4, B, B, B, B, B, B, B, B, B. In a series of
throws of the die the first M throws show 4, the next N throws show B and the (M + N + 1)th
throw shows A. Write down the probability that M = mand N = n, wherem = 0andn > 1.

Find (i) the marginal distributions of M and N,
(ii) the mean values of M and N.
Investigate whether M and N are independent.

Find the probability that N is greater than a given integer k, where k > 1, and find P(N > M).
Find also P(N = M) and show that P(N < M) = 5—12

[STEP 3, 1990Q16]

(i) A rod of unit length is cut into pieces of length X and 1 — X; the latter is then cut in half.
The random variable X is uniformly distributed over [0, 1]. For some values of X a triangle
can be formed from the three pieces of the rod. Show that the conditional probability that,

if a triangle can be formed, it will be obtuse-angled is 3 — 2v/2.

(ii) The bivariate distribution of the random variables X and Y is uniform over the triangle
with vertices (1,0), (1,1) and (0, 1). A pair of values x, y is chosen at random from this
distribution and a (perhaps degenerate) triangle ABC is constructed with BC = x and

CA = yand AB = 2 — x — y. Show that the construction is always possible and that ABC
is obtuse if and only if

x2—2x+2
2—x
Deduce that the probability that ABC is obtuse is 3 — 4 1n 2.

y >
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[STEP 3, 1991Q1]

(i) Evaluate

n

6
Z r(r+ 1) +3)

r=1
(ii) ExpandIn(1 + x + x% + x3) as a series in powers of x, where |x| < 1, giving the first five

non-zero terms and the general term.

(iii) Expand e*"(1+%) 35 a serjes in powers of x, where —1 < x < 1, as far as the term in x*.

[STEP 3, 1991Q2]

The distinct points P, P,, P3, Q;, Q; and Q5 in the Argand diagram are represented by the
complex numbers z;, z,, z3, w;, w, and w; respectively. Show that the triangles P; P,P; and
Q1Q,0Q5 are similar, with P; corresponding to Q; (i = 1,2, 3) and the rotation from 1 to 2 to 3
being in the same sense for both triangles, if and only if

Z1 =2 W1 —Wp

Zy—23 Wy —Wws
Verify that this condition may be written
Zy Z Z3
det <W1 w, W3> =0.
1 1 1
(i) Show thatw; = z? (i = 1,2, 3) then triangle P, P,P; is not similar to triangle Q; Q, Q3.
(ii) Show thatifw; = z? (i = 1,2,3) then triangle P, P,P; is similar to triangle Q; Q,Q5 if and
only if the centroid of triangle P; P,P; is the origin. [The centroid of triangle P, P,P; is
represented by the complex number % (z1 + 25 + 23).]

(iii) Show that the triangle P; P, P; is equilateral if and only if

Zy7Z3 + 2321 + 2,2, = z% + 25 + Z2.

[STEP 3, 1991Q3]
The function f is defined for x < 2 by
) =2]x% — x|+ |x? = 1] = 2|x? + x]|.

Find the maximum and minimum points and the points of inflection of the graph of f and
sketch this graph. Is f continuous everywhere? Is f differentiable everywhere?

Find the inverse of the function f, ie. expressions for f~!(x), defined in the various
appropriate intervals.



[STEP 3, 1991Q4]

The point P moves on a straight line in three-dimensional space. The position of P is observed
from the points 0,(0,0,0) and 0,(8a, 0,0). At times t = t; and t = t;, the lines of sight from

0, are along the linesg = g, y=0andx = O,g = %respectively. Attimet = t, and t = t}, the
x:za = % = g respectively. Find an equation or

. . x—8a z
lines of sight from O, are -~ = % =3 and

equations for the path of P.

[STEP 3, 1991Q5]

The curve C has the differential equation in polar coordinates

O ar=5sin30, for f<o<>
102 r = 5sin 36, or c=0=—
and, when 6 = g, r=1and g—; = —2. Show that C forms a closed loop and that the area of the

region enclosed by C is

[STEP 3, 1991Q6]

X

The transformation T from (y

!
) to (;,) in two-dimensional space is given by

x' _ (coshu sinhu) (x)
y' sinhu coshu/ \y/’
where u is a positive real constant. Show that the curve with equation x? —y? =1 is

transformed into itself. Find the equations of two straight lines through the origin which
transform into themselves.

A line, not necessarily through the origin, which has gradient tanh v transforms under T into a
line with gradient tanh v'. Show that v’ = v + u.

The lines [; and [, with gradients tanhv; and tanh v, transform under T into lines with
gradients tanh v; and tanh v; respectively. Find the relation satisfied by v, and v, that is the
necessary and sufficient for [; and [, to intersect at the same angle as their transforms.

In the case when [; and [, meet at the origin, illustrate in a diagram the relation between [;, [,
and their transforms.
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[STEP 3, 1991Q7]

(i) Prove that

7 z 1(2 1
f lnsinxdx=f lncosxdx=—f Insin2xdx ——1ln 2.
0 0 2J, 4

and
s s
2 1rm 2
f In sin 2x dx =—f Insinx dx =f Insin x dx.
0 2Jy 0

T
Hence, or otherwise, evaluate foz In sin x dx.

[You may assume that all the integrals converge.]

(ii) Giventhatlnu < u foru = 1 deduce that
1
Elnx <+x for x>1.

1 .
Deduce that% — 0 asx = oo and that xInx = 0 as x = 0 through positive values.

T
(iii) Using the results of parts (i) and (ii), or otherwise, evaluate foz x cotx dx.

[STEP 3, 1991Q8]
(i) The integral I, is defined by

0
Iy =f cos” x cos kx dx.
0

Prove that 2kl = klj_; + cos® 6 sin k6.
(ii) Prove that

m m
1+ mcos26 + (2)cos46 + -+ (r)COSZT'Q + -+ cos2mf = 2™ cos™ @ cos mé.

(iii) Using the results of parts (i) and (ii), show that

msinZG N (m) sin 46 P (m) sin 2r0 Lo sin 2m@

2 2 4

1 1
=cosOsinf + cos?Osin26 + -+ ;Zr‘l cos” @sinrf + --- +E2m_1 cos™ 6@ sinmé.

r 2r 2m
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[STEP 3, 1991Q9]

The parametric equations E; and E, define the same ellipse, in terms of the parameters 6; and
05, (though not referred to the same coordinate axes).

Ei: x =acosbq, y = bsinb,,
E _ kcost, _ ksing,
2'x_1+ec0592’ y_1+ec0592'

where 0 < b < a,0 < e < 1and 0 < k. Find the position of the axes for E, relative to the axes
for E; and show that k = a(1 — e?) and b? = a?(1 — e?).

]

By considering expressions for the length of the perimeter of the ellipse, or otherwise, prove
that

[The standard polar equation of an ellipse isr = PEp—

’T T 1-—e?
lel—ezcoszedt?: ——— _J1+e?+2ecos6db.
0

o (1+ecosh)?

Given that e is so small that e® may be neglected, show that the value of either integral is

i1T(64 —16e? — 3e*)
64 '

[STEP 3, 1991Q10]

The equation x™ — gx™ 1 +r =0, where n > 5 and q and r are real constants, has roots

ay, 3, ..., &, . The sum of the products of m distinct roots is denoted by ),, (so that, for

example, 3’3 = Y.a;a;a, where the sum runs over all values of i, jand k withn > i > j > k >

1). The sum of the mth powers of the roots is denoted by S, (so that, for example, S; =
*,a}).ProvethatS, =g forl<p<n-1.

[You may assume that for any nth degree equationand1 <p <n
Sp - Sp—l 21 + Sp—Z 22 -t (_1)17—151 Zp—l + (_1)pp Zp =0. ]

Find expressions for S,, S,,4+1 and S,,4, in terms of g, r and n. Suggest an expression for S, ,,
where m < n, and prove its validity by induction.
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[STEP 3, 1991Q11]

o

A uniform circular cylinder of radius 2a with a groove of radius a cut in its central cross-
section has mass M. It rests, as shown in the diagram, on a rough plane inclined at an acute
angle a to the horizontal. It is supported by a light inextensible string wound round the groove
and attached to the cylinder at one end. The other end of the string is attached to the plane at
Q, the free part of the string, PQ, making an angle 2a with the inclined plane. The coefficient of

friction at the contact between the cylinder and the plane is y. Show that u > gtan a.

The string PQ is now detached from the plane and the end Q is fastened to a particle of mass
3M which is placed on the plane, the position of the string remaining unchanged. Given that

tana = - and that the system remains in equilibrium, find the least value of the coefficient of

friction between the particle and the plane.

[STEP 3, 1991Q12]

A smooth tube whose axis is horizontal has an elliptic cross-section in the form of the curve
with parametric equations

X =acosf y = bsinf

where the x-axis is horizontal and the y-axis is vertically upwards. A particle moves freely
under gravity on the inside of the tube in the plane of this cross-section. By first finding ¥ and
¥y, or otherwise, show that the acceleration along the inward normal at the point with
parameter 6 is

abf?
Va2 sin?2 6 + b2 cos2 0

The particle is projected along the surface in the vertical cross-section plane, with speed 2,/bg,

from the lowest point. Given that 2a = 3b, show that it will leave the surface at the point with
parameter 6 where

5sin®0 4+ 12sinf —8 = 0.



[STEP 3, 1991Q13]

A smooth particle P; is projected from a point O on the horizontal floor of a room which has a
horizontal ceiling at a height h above the floor. The speed of projection is \/8gh and the

direction of projection makes an acute angle @ with the horizontal. The particle strikes the
ceiling and rebounds, the impact being perfectly elastic. Show that for this to happen ¢ must

be at least%n and that the range on the floor is then

8hcosa (2 sina —+/4sin2a — 1).

Another particle P, is projected from O with the same velocity as P; but its impact with the
ceiling is perfectly inelastic. Find the difference D between the ranges of P; and P, on the floor

. . 1
and show that, as « varies, D has a maximum value when a = ;T

[STEP 3, 1991Q14]

sin~—

urles

A
The end O of a smooth light rod OA oflength 2a is a fixed point. The rod 04 makes a fixed angle

sin™?! G) with the downward vertical ON, but is free to rotate about ON. A particle of mass m

is attached to the rod at A and a small ring B of mass m is free to slide on the rod but is joined
to A by a spring of natural length a and modulus of elasticity kmg. The vertical plane

containing the rod OA rotates about ON with constant angular velocity \/% and B is at rest
relative to the rod. Show that the length of OB is

(10k + 8)a
10k — 9

. : : _1(13\ .
Given that the reaction of the rod on the particle at A makes an angle tan™?! (Z) with the

horizontal, find the value of k. Find also the magnitude of the reaction between the rod and the
ring B.
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[STEP 3, 1991Q15]

A pack of 2n (where n > 4) cards consists of two each of n different sorts. If four cards are
drawn from the pack without replacement show that the probability that no pairs of identical
cards have been drawn is

4(n—-2)(n—-3)
2n-1)2n-3)°

Find the probability that exactly one pair of identical cards is included in the four.

If k cards are drawn without replacement and 2 < k < 2n, find an expression for the
probability that there are exactly r pairs of identical cards included when r < %k.

For even values of k show that the probability that the drawn cards consist of % k pairs is

1Xx3%x5%x--X(k—1)
2n-1)2n-3)-Q2n—-k+1)’

[STEP 3, 1991Q16]

The random variables X and Y take integer values x and y respectively which are restricted by
x =1,y =>1and 2x + y < 2a where a is an integer greater than 1. The joint probability is
given by

PX=xY=y)=cx+Yy),

where c is a positive constant, within this region and zero elsewhere. Obtain, in terms of x, ¢
and a, the marginal probability P(X = x) and show that
L 6
T al@—1D@Ba+5)

Show that when y is an even number the marginal probability P(Y = y) is

32a—y)2a+2+y)
2a(a —1)(8a + 5)

and find the corresponding expression when y is odd.

Evaluate E(Y) in terms of a.
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[STEP 3, 1992Q1]

(i) Given that f(x) = In(1 + %), prove that ln(f’(x)) =x— f(x) and that f""(x) = f'(x) —
[f'(x)]%. Hence, or otherwise, expand f (x) as a series in power of x up to the term in x*.
(ii) Given that
1

90 = sinh x cosh 2x’
explain why g(x) can not be expanded as a series of non-negative powers of x but that
xg(x) can be so expanded. Explain also why this latter expansion will consist of even

powers of x only. Expand xg(x) as a series as far as the term in x*.

[STEP 3, 1992Q2]

The matrices I and J are ((1) (1)) and (1 i) respectively and A = I + aJ, where a is a non-zero

real constant. Prove that A2 =1 +%((1 +2a)>—1)] and A3 =1 +%((1 +2a)® — 1)J and

obtain a similar form for A*.

If A¥ =1 + p,J, suggest a suitable form for p, and prove that it is correct by induction, or
otherwise.

[STEP 3, 1992Q3]

Sketch the curve C; whose parametric equations are x = t2,y = t3.

The circle C, passes through the origin 0. The points R and § with real non-zero parameters r
and s respectively are other intersections of C; and C,. Show that r and s are roots of an
equation of the form

t*+t>+at+b =0,
where a and b are real constants.

By obtaining a quadratic equation, with coefficients expressed in terms of r and s, whose roots
would be the parameters of any further intersections of C; and C,, or otherwise, show that O,
R and S are the only real intersections of C; and C,.



[STEP 3, 1992Q4]

A set of curves S is defined by the equationy = xxTa' where a is a constant which is different
for different members of S;. Sketch on the same axes the curves for whicha = —2, —1, 1 and 2.
A second set of curve S, is such that at each intersection between a member of S, and a
member of S; the tangents of the intersecting curves are perpendicular. On the same axes as
the already sketched members of S;, sketch the member of S, that passes through the point
(1,-1).

Obtain the first order differential equation for y satisfied at all points on all members of S; (i.e.

. . d . .
an equation connecting x, y and ﬁ which does not involve a).

. . d . .
State the relationship between the values of ﬁ on two intersecting curves, one from S; and one

from S, at their intersection. Hence show that the differential equation for the curves of S, is
dy
= -1)—.
x=yy-Dg

Find an equation for the member of S, that you have sketched.

[STEP 3, 1992Q5]

The tetrahedron ABCD has A at the point (0, 4, —2). It is symmetrical about the plane y + z =
2, which passes through A and D. The mid-point of BC is N. The centre, Y, of the sphere ABCD

is at the point (3, —2,4) and lies on AN such that AY = 3YN. Show that BN = 6v/2 and find the
coordinates of B and C.

The angle AYD is cos™? G) Find the coordinates of D.

[There are two alternative answers for each point.]

[STEP 3, 1992Q6]

2
Given that I, = fnw

0 Wi2T dx, where n is a positive integer, show that I,, — I,,_; = J,,, where

Txsin(2n — 1)x
e [,
0 sinx

Obtain also a reduction formula for J,,.

x sin?(nx)

The curve C is given by the cartesian equation y = , where n is a positive integer and

sin? x
2
0 < x < m. Show that the area under the curve C is %

[STEP 3, 1992Q7]

The points P and R lie on the sides AB and AD, respectively, of the parallelogram ABCD. The
point Q is the fourth vertex of the parallelogram APQR. Prove that BR, CQ and DP meet in a
point.
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[STEP 3, 1992Q8]
Show that

n
sin(2n + 1) = sin?"*1 9 2(—1)"‘r (an-: 1) cot?" g,

r=0

where n is a positive integer. Deduce that the equation

n

S (1 e

=0
has roots cot? (k—n) fork=1,2,..,n
2n+1

Show that

() Zioycot? (

kT ) n(2n-1)
2n+1 3 7

.. k
(i) YR, tan? (ﬁ) =n(2n+1),

(iii) Y-, cosec? ( n ) < printl)

2n+1 3

[STEP 3, 1992Q9]

The straight line OSA, where O is the origin, bisects the angle between the positive x and y
axes. The ellipse E has S as focus. In polar coordinates with S as pole and SA as the initial line,
E has equation [ = r(1 + e cos 8). Show that, at the point on E given by 6 = «, the gradient of
the tangent to the ellipse is given by

dy sina—cosa—e

dx  sina+cosa+e
The points on E given by 8 = @ and 8 = f§ are the ends of a diameter of E. Show that

tan (§)tan () = 225

[A diameter of an ellipse is a chord through its centre.]

[STEP 3, 1992Q10]

Sketch the curve C whose polar equation is
= 4acos20 for ——< <~
r = 4acos or 2 7

The ellipse E has parametric equations
x =2acos, y = asing.
Show, without evaluating the integrals, that the perimeters of C and E are equal.

Show also that the areas of the regions enclosed by C and E are equal.
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[STEP 3, 1992Q11]

1%

v

B

AOB represents a smooth vertical wall and XY represents a parallel smooth vertical barrier,
both standing on a smooth horizontal table. A particle P is projected along the table from O

with speed V in a direction perpendicular to the wall. At the time of projection, the distance

. . (75 . . .
between the wall and the barrier is (;—2) VT, where T is a constant. The barrier moves directly

towards the wall, remaining parallel to the wall, with initial speed 4V and with constant

acceleration % directly away from the wall. The particle strikes the barrier XY and rebounds.

Show that this impact take place at time %T.

The barrier is sufficiently massive for its motion to be unaffected by the impact. Given that the

coefficient of restitution is > find the speed of P immediately after impact.

P strikes AB and rebounds. Given that the coefficient of restitution for this collision is also %,

show that the next collision of P with the barrier is at time % from the start of the motion.

[STEP 3, 1992Q12]

A smooth hemispherical bowl of mass 2m is rigidly mounted on a light carriage which slides
freely on a horizontal table as shown in the diagram. The rim of the bowl is horizontal and has
centre 0. A particle P of mass m is free to slide on the inner surface of the bowl. Initially, P is
in contact with the rim of the bowl and the system is at rest. The system is released and when

OP makes an angle 8 with the horizontal the velocity of the bowl is v. Show that 3v = af sin 8
and that

.3
2 _ 2gasin® 0
3(3 —sin26)’

where a is the interior radius of the bowl.

v

Find, in terms of m, g and 6, the reaction between the bowl and the particle.
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[STEP 3, 1992Q13]

A uniform circular disc of radius 2b, mass m and centre O is free to turn about a fixed
horizontal axis through O perpendicular to the plane of the disc. A light elastic string of

modulus kmg, where k > %, has one end attached to a fixed point A and the other end to the

rim of the disc at P. The string is in contact with the rim of the disc along the arc PC, and OC is
horizontal. The natural length of the string and the length of the line AC are each mb and AC is
vertical. A particle Q of mass m is attached to the rim of the disc and POQ = 90° as shown in

the diagram. The system is released from rest with OP vertical and P below O. Show that P
reaches C and that then the upward vertical component of the reaction on the axis is mg 10;nk.




[STEP 3, 1992Q14]

P
Ty
B
Q
0
\ —p
0 A X

A horizontal circular disc of radius a and centre O lies on a horizontal table and is fixed to it so
that it cannot rotate. A light inextensible string of neglible thickness is wrapped round the disc
and attached at its free end to a particle P of mass m. When the string is all in contact with the
disc, P is at A. The string is unwound so that the part not in contact with the disc is taut and
parallel to OA. P is then at B. The particle is projected along the table from B with speed V
perpendicular to and away from OA. In the general position, the string is tangential to the disc
at Q and A0Q = 6. Show that, in the general position, the x-coordinate of P with respect to the
axes shown in the figure is a cos 6 + a6 sin 6, and find y-coordinate of P. Hence, or otherwise,
show that the acceleration of P has components a86? and af? + a6 along and perpendicular
to PQ, respectively.

2Amv?

The friction force between P and the table is , Where v is the speed of P and 1 is a

constant. Show that
6 1 \
-—=— (— + 2&9) 0
2] 2]

and find 6 in terms of 8, A and a. Find also the tension in the string when 6 = .

[STEP 3, 1992Q15]

A goat G lives in a square field 0ABC of side a. It wanders randomly round its field, so that at
any time the probability of its being in any given region is proportional to the area of this region.
Write down the probability that its distance, R, from O isless than r if 0 < r < a, and show that
if r = a the probability is

1
r? 2 qmr? r? a
- - -1(Z
(az 1) + Y i cos (r)
Find the median of R and probability density function of R.

The goat is then tethered to the corner O by a chain of length a. Find the conditional probability
that its distance from the fence OC is more than %
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[STEP 3, 1992Q16]

—-1n

The probability that there are exactly n misprints in an issue of a newspaper is £ where 1

n!
is a positive constant. The probability that I spota particular misprintis p, independent of what
happens for other misprints,and 0 < p < 1.

(i) Ifthere are exactly m + n misprints, what is the probability that I spot exactly m of them?

(ii) show that, if I spot exactly m misprints, the probability that [ have failed to spot exactly n
misprints is
(1-p)"A"

n' e_(l_p)l_
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[STEP 3, 1993Q1]

The curve P has the parametric equations

k1 i1
x =sin@, y = cos 260 for——<9£§.

Show that P is part of the parabolay = 1 — 2x2 and sketch P.

Show that the length of P is V17 + %sinh‘1 4,

Obtain the volume of the solid enclosed when P is rotated through 2m radians about the line
y=-1.

[STEP 3, 1993Q2]
The curve C has the equation x3 + y3 = 3xy.

(i) Show thatthere is no point of inflection on €. You may assume that the origin is not a point
of inflection.

(ii) The partof C whichlies in the first quadrantis a closed loop touching the axes at the origin.
By converting to polar coordinates, or otherwise, evaluate the area of this loop.

[STEP 3, 1993Q3]

The matrices A, B and M are given by

a 0 0 1 p ¢q 1 3 2
A=(b c 0>, B=<O 1 r>, M=<4 13 5).
d e f 0 0 1 3 8 7

where q, b, ..., r are real numbers. Given that M = AB, show thata=1,b=4,c=1,d =3,

e=—1,f =—-2,p=3,q = 2,7 = —3 gives the unique solution for A and B. Evaluate A~! and
B~ L

Hence, or otherwise, solve the simultaneous equations

xX+3y+2z=7
4x+ 13y +5z =18
3x +8y + 7z = 25.

[STEP 3, 1993Q4]

Sum the following infinite series.

O 1 2 e ()

(i) 2 —x —x3 + 2x* — - 4 2x*k — AL 43 4 where [x] < 1.

r—2
o T2

(iiD) 22 o

. 0 2
(iv) X7, D
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[STEP 3, 1993Q5]

The set S consists of ordered pairs of complex numbers (z;,z,) and a binary operation o on S
is defined by

(21, 23) © (Wy,Wy) = (zywy — Z,W3, Zy W, + Z;Wy).

Show that the operation o is associative and determine whether it is commutative. Evaluate
(z,0) o (w,0), (z,0) o (0,w), (0,2) o (w, 0) and (0, 2) ° (0,w).

The set S; is the subset of S consisting of 4, B, ..., H, where A = (1,0), B = (0,1), C = (i, 0),
D =(0,i),E = (—1,0),F =(0,—-1),G = (—i,0) and H = (0, —i). Show that S, is closed under
o and that it has an identity element. Determine the inverse and order of each element of S;.
Show that S; is a group under o.

[You are not required to compute the multiplication table in full.]
Show that {4, B, E, F} is a subgroup of §; and determine whether it is isomorphic to the group

generated by the 2 X 2 matrix (_01 0)

under matrix multiplication.
[STEP 3, 1993Q6]

The point in the Argand diagram representing the complex number z lies on the circle with
centre K and radius r, where K represents the complex number k. Show that

zz* —kz* —k*z+ kk* —r? = 0.

The point P, Q; and Q, represent the complex numbers z, w; and w, respectively. The point P
lies on the circle with OA as diameter, where O and A represent 0 and 2i respectively. Given

that w; = szl, find the equation of the locus L of Q; in the terms of w; and describe the

geometrical form of L.

Given that w, = z*, show that the locus of Q, is also L. Determine the positions of P for which
Q4 coincides with Q,.

[STEP 3, 1993Q7]
The real numbers x and y satisfy the simultaneous equations
sinh(2x) = coshy and sinh(2y) = 2 coshx.
Show that sinh? y is a root of the equation
4t3 4+ 4t —4t—-1=0

and demonstrate that this gives at most one valid solution for y. Show that the relevant value
of t lies between 0.7 and 0.8, and use an iterative process to find t to 6 decimal places.

Find y and hence find x, checking your answers and stating the final answers to four decimal
places.
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[STEP 3, 1993Q8]

A square pyramid has its base vertices at the points A(a,0,0), B(0,a,0), C(—a,0,0) and
D(0,—a,0), and its vertex at E(0, 0, a). The point P lies on AE with x-coordinate Aa, where 0 <
A < 1, and the point Q lies on CE with x-coordinate —ua, where 0 < y < 1. The plane BPQ
cuts DE at R and the y-coordinate of R is —ya. Prove that

__ M
y_l+u—/1u'

Show that the quadrilateral BPRQ cannot be a parallelogram.

[STEP 3, 1993Q9]

For the real numbers a4, a,, as, ...,

(i) provethata? + a2 > 2a,a,,

(ii) prove thata? + a3 + a3 = ayas + aza; + a a,,

(iii) prove that 3(a? + a3 + a2 + a3) = 2(a,a, + a,a; + a;a4 + a,a; + aya, + asay),
(iv) state and prove a generalisation of (iii) to the case of n real numbers,

(v) prove that

2

n
2n
Zai 271—1 al-aj,

i=1

where the latter sum is taken over all pairs (i,j) with1 < i <j <n.

[STEP 3, 1993Q10]

The transformation T of the point P in the x, y plane to the point P’ is constructed as follows:
Lines are drawn through P parallel to the lines y = mx and y = —mx to cut the line y = kx at
Q and R respectively, m and k being given constant. P’ is the fourth vertex of the parallelogram
PQP'R.

Show that if P is (x4, y,) then Q is

mx, —y; k(mxy —y,)
m—-k ' m-—k '

Obtain the coordinates of P’ in terms of x;, y;, m and k, and express T as a matrix
transformation. Show that areas are transformed under T into areas of the same magnitude.



[STEP 3, 1993Q11]

[In this question, all gravitational forces are to be neglected.] A rigid frame is constructed from
12 equal uniform rods, each of length a and mass m, forming the edges of a cube. Three of the
edges are OA, OB and OC, and the vertices opposite O, A, B and C are 0', A’, B' and C’
respectively. Forces act along the lines as follows, in the directions indicated by the order of
the letters:

2mg along OA, mg along AC',  V2mgalong 0'A,
V2mg along 0A’, 2mg along C'B, mg along A'C.
Initially the frame is at rest and there are no other forces acting on it.

(i) The frameis freely pivoted at 0. Show that the direction of the line about which it will start
1
to rotate is (1) with respect to axes along OA, OB and OC respectively.
2

2
(ii) Show that the moment of inertia of the rod OA about the axis 00’ is zmTa and about a

2
parallel axis through its mid-point is %. Hence find the moment of inertia of B’C about

14ma?

00’ and show that the moment of inertia of the frame about 00’ is . If the frame is

freely pivoted about the line 00’ and the forces continue to act along the specified lines,
find the initial angular acceleration of the frame.

[STEP 3, 1993Q12]

ABCD is a horizontal line with AB = CD = a and BC = 6a. There are fixed smooth pegs at B
and C. A uniform string of natural length 2a and modulus of elasticity kmg is stretched from A
to D, passing over the pegs at B and C. A particle of mass m is attached to the midpoint P of the
string. When the system is in equilibrium, P is a distance % below BC. Evaluate k.

The particle is pulled down to a point Q, which is at a distance pa below the mid-point of BC,
and is released form rest. P rises to a point R, which is at a distance 3a above BC. Show that
2p2—p—17=0.

Show also that the tension in the strings is less when the particle is at R than when the particle
isat Q.
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[STEP 3, 1993Q13]

P

A uniform circular disc with radius a, mass 4m and centre O is freely mounted on a fixed
horizontal axis which is perpendicular to its plane and passes through 0. A uniform heavy
chain PS oflength (4 + m)a, mass (4 + m)m and negligible thickness is hung over the rim of the
disc as shown in the diagram: Q and R are the points of the chain at the same level as 0. The
contact between the chain and the rim of the disc is sufficiently rough to prevent slipping.
Initially, the system is at rest with PQ = RS = 2a. A particle of mass m is attached to the chain
at P and the system is released. By considering the energy of the system, show that when P has
descended a distance x, its speed v is given by

(m+ 7)av? = 2g(x? + ax).

By considering the part PQ of the chain as a body of variable mass, show that when S reaches
R the tension in the chain at Q is
5m—2
T+ 7

mg.

[STEP 3, 1993Q14]

A particle rests at a point A on a horizontal table and is joined to a point O on the table by a taut
inextensible string of length c. The particle is projected vertically upwards at a speed 64,/6gc.
It next strikes the table at a point B and rebounds. The coefficient of restitution for any impact

between the particle and the table is % After rebounding at B, the particle will rebound

alternately at A and B until the string becomes slack. Show that when the string becomes slack
the particle is at height% above the table.

Determine whether the first rebound between A and B is nearer to 4 or to B.

[STEP 3, 1993Q15]

The probability of throwing a head with a certain coin is p and the probability of throwing a
tail is g = 1 — p. The coin is thrown until at least two heads and at least two tails have been
thrown; this happens when the coin has been thrown N times. Write down an expression for
the probability that N = n.

Show that the expectation of N is

2(1 1-pq)
——1-pq).
Pq
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[STEP 3, 1993Q16]

The time taken for me to set an acceptable examination question it T hours. The distribution of
T is a truncated normal distribution with probability density f where

1 1<t—a)2 et >0
f@® =kovzn P\ 20 ot
0 fort < 0.

Sketch the graph of f(t). Show that k is approximately 0.841 and obtain the mean of T as a
multiple of a.

Over a period of years, I find that the mean setting time is 3 hours.

(i) Find the approximate probability that none of the 16 questions on next year’s paper will
take more than 4 hours to set.

(ii) Given that a particular question is unsatisfactory after 2 hours work, find the probability
that it will still be unacceptable after a further 2 hours work.
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Section A: Pure Mathematics
[STEP 3, 1994Q1]

Calculate
X
J secht dt.
0
Find the reduction formula involving I, and I,,_,, where
X
I, = f sech™ t dt
0

and, hence or otherwise, find Is and I.

[STEP 3, 1994Q2]
(i) Bysettingy = x + x~1, find the solutions of
x* 4+ 10x3 + 26x% + 10x + 1 = 0.
(ii) Solve
x*+x3—10x%2 —4x + 16 = 0.

[STEP 3, 1994Q3]
Describe geometrically the possible intersections of a plane with a sphere.
Let P; and P, be the planes with equations

3x—-y—1=0,
x—y+1=0,

respectively, and let S; and S, be the spheres with equations
x2+y2+4+2%2=7,
x2+y2+2z2—-6y—4z+10=0,
respectively. Let C; be the intersection of P; and S, let C, be the intersection of P, and S, and

let L be the intersection of P; and P,. Find the points where L meets each of S; and S,.
Determine, giving your reasons, whether the circles C; and C, are linked.
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[STEP 3, 1994Q4]

Find the two solutions of the differential equation

(&

which pass through the point (a, b?), where b # 0.

2
=4y

Find two distinct points (a;, 1) and (a,, 1) such that one of the solutions through each of them
also passes through the origin. Show that the graphs of these two solutions coincide and sketch
their common graph, together with the other solutions through (a;, 1) and (a,, 1).

Now sketch sufficient members of the family of solutions (for varying a and b) to indicate the
general behaviour. Use your sketch to identify a common tangent, and comment briefly on its
relevance to the differential equation.

[STEP 3, 1994Q5]
The function f is given by f(x) = sin™! x for —1 < x < 1. Prove that
(1= x®)f"(x) —xf'(x) =0,
Prove also that
(1 —x®)f™2(x) — 2n+ Dxf™ 1 (x) —n?f"(x) =0,

for all n > 0, where f™ denotes the nth derivative of f. Hence express f(x) as a Maclaurin
series.

The function g is given by

1+x
1—-x’

gx)=In

for —1 < x < 1. Write down a power series expansion for g(x), and show that the coefficient

2n+1

of x is greater than that in the expansion of f, for eachn > 0.

[STEP 3, 1994Q6]

The four points 4, B, C, D in the Argand diagram (complex plane) correspond to the complex
numbers a, b, c, d respectively. The point P; is mapped to P, by rotating about A through g
radians. Then P, is mapped to P; by rotating about B through g radians, P; is mapped to P, by
rotating about C through g radians and P, is mapped to Ps by rotating about D through g
radians, each rotation being in the positive sense. If z; is the complex number corresponding

to P;, find z5 in terms of a, b, ¢, d and z;.

Show that Ps; will coincide with P;, irrespective of the choice of the latter if, and only if, a — ¢ =
i(b — d) and interpret this condition geometrically.

The points 4, B and C are now chosen to be distinct points on the unit circle and the angle of
rotation is changed to 8, where 8 # 0, on each occasion. Find the necessary and sufficient
condition on 8 and the points 4, B and C for P, always to coincide with P;.
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[STEP 3, 1994Q7]

Let S3 be the group of permutations of three objects and Zg be the group of integers under
addition modulo 6. List all the elements of each group, stating the order of each element. State,
with reasons, whether S5 is isomorphic with Zg.

Let C4 be the group of 6th roots of unity. That is, C; = {1, @, @?, a3, a*, a°} where a = e? and
the group operation is complex multiplicaion. Prove that Cy is isomorphic with Z,. Is there any
(multiplicative or additive) subgroup of the complex numbers which is isomorphic with §3?
Give a reason for your answer.

[STEP 3, 1994Q8]

Leta, b, ¢, d, p, q, r and s be real numbers. By considering the determinant of the matrix

product
Zy  Zy\ [ Z3 Zy
(—Z; Zi‘) (—Zj‘; Z;)’
where z;, z,, z3 and z, are suitably chosen complex numbers, find expressions L4, L,, L3 and

L4, each of which is linear in a, b, c and d and also linear in p, g, r and s, such that

(@+b2+c?2+d)P?+q?+r2+s?) =153+ L5+ 15 + 3.



Section B: Mechanics
[STEP 3, 1994Q9]

A smooth, axially symmetric bowl has its vertical cross-sections determined by s = 2,/ky,
where s is the arc-length measured from its lowest point I/, and y is the height above V. A
particle is released from rest at a point on the surface at a height h above V. Explain why

1 g
.

Show that the time for the particle to reach V is

k

29’
Two elastic particles of mass m and am, where a < 1, are released simultaneously from

opposite sides of the bowl at heights a?h and h respectively. If the coefficient of restitution
between the particles is «, describe the subsequent motion.

[STEP 3, 1994Q10]

The island of Gammaland is totally flat and subject to a constant wind of w km h-1, blowing from
the West. Its southernmost shore stretches almost indefinitely, due east and west, from the
coastal city of Alphaport. A novice pilot is making her first solo flight from Alphaport to the
town of Betaville which lies north-east of Alphaport. Her instructor has given her the correct
heading to reach Betaville, flying at the plane's recommended airspeed of v km h-t, where v >
w.

On reaching Betaport the pilot returns with the opposite heading to that of the outward flight
and, so featureless is Gammaland, that she only realises her error as she crosses the coast with
Alphaport nowhere in sight. Assuming that she then turns West along the coast, and that her
outward flight took t hours, show that her return flight takes

v+w
( ) t hours.

v—Ww
If Betaville is d kilometres from Alphaport, show that, with the correct heading, the return
flight should have taken
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[STEP 3, 1994Q11]

A step-ladder has two sections AB and AC, each of length 4a, smoothly hinged at A and
connected by a light elastic rope DE, of natural length % and modulus W, where D is on 4B, E

ison AC and AD = AE = a. The section AB, which contains the steps, is uniform and of weight
W and the weight of AC is negligible.

The step-ladder rests on a smooth horizontal floor and a man of weight 4W carefully ascends
it to stand on a rung distant Sa from the end of the ladder resting on the floor. Find the height
above the floor of the rung on which the man is standing when f is the maximum value at which
equilibrium is possible.



Section C: Probability and Statistics
[STEP 3, 1994Q12]

In certain forms of Tennis two players A and B serve alternate games. Player A has probability
p4 of winning a game in which she serves and probability pp of winning a game in which player
B serves. Player B has probability gz = 1 — pg of winning a game in which she serves and
probability g4 = 1 — p4 of winning a game in which player A serves. In Shortened Tennis the
first player to lead by 2 games wins the match. Find the probability Py, that A wins a
Shortened Tennis match in which she serves first and show that it is the same as if B serves
first.

In Standard Tennis the first player to lead by 2 or more games after 4 or more games have been
played wins the match. Show that the probability that the match is decided in 4 games is

Piph + aiqs + 2(Daps + 44q8) Pads + qaPs)-
If pp =pg =p and q4 = qg = q, find the probability Pg,, that A wins a Standard Tennis
match in which she serves first. Show that

2,2
rea*(p —q)
Pstan — Pshort = P2 + q2 .

[STEP 3, 1994Q13]

During his performance a trapeze artist is supported by two identical ropes, either of which
can bear his weight. Each rope is such that the time, in hours of performance, before it fails is
exponentially distributed, independently of the other, with probability density function
Aexp(—At) fort = 0 (and 0 fort < 0), for some A > 0. A particular rope has already been in
use for t, hours of performance. Find the distribution for the length of time the artist can
continue to use it before it fails. Interpret and comment upon your result.

Before going on tour the artist insists that the management purchase two new ropes of the
above type. Show that the probability density function of the time until both ropes fail is

22e™M(1—e™M) ift >0,
0 otherwise.

f© ={

If each performance lasts for h hours, find the probability that both ropes fail during the nth
performance. Show that the probability that both ropes will fail during the same performance

is tanh (%h)

[STEP 3, 1994Q14]

Three points, P, Q and R, are independently randomly chosen on the perimeter of a circle.
Prove that the probability that at least one of the angles of the triangle PQR will exceed km is

3(1 —k)? if% < k < 1. Find the probability if% <k< %
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Section A: Pure Mathematics
[STEP 3, 1995Q1]

Find the simultaneous solutions of the three linear equations

a’x +ay+z=a?

ax+y+bz=1
a’bx+y+bz=»b

for all possible real values of a and b.

[STEP 3, 1995Q2]
If

a 1 1
In=f x""2(a — x)2 dx,
0

2
show that [, = %.

Show that (2n + 4)I,, = (2n + 1)al,_; and hence evaluate I,,.

[STEP 3, 1995Q3]

What is the general solution of the differential equation

for each of the cases: (i) k > 1; (i) k = 1; (i) 0 < k < 17

In case(iii) the equation represents damped simple harmonic motion with damping factor k.
Let x(0) = 0 and let x4, x5, ..., X;,, ... be the sequence of successive maxima and minima, so that

Xn+1

takes a value a which is

if x, is @ maximum then x, ;4 is the next minimum. Show that

Xn

independent of n, and that

,  (na)?

" m2 + (Ina)?



[STEP 3, 1995Q4]
Let

n

C,(0) = 2 cos k6

k=0
and

n

S.(6) = 2 sink®,

k=0

where n is a positive integer and 0 < 8 < 2. Show that
cos (%n@) sin (% (n+ 1)9)

sin (%9) ,

and obtain the corresponding expression for S,, (6).

C,(0) =

Hence, or otherwise, show that for 0 < 8 < 2m,

FOREE

2 sin (% 9).

[STEP 3, 1995Q5]
Show that y = sin?(m sin~! x) satisfies the differential equation
(1 —x?)y? = xy' +2m*(1 - 2y),
and deduce that, foralln > 1,
(1 —x?)y™2 = 2n+ Dxy™™ + (n? — 4m?)y™,
where y™ denotes the nth derivative of y.

Derive the Maclaurin series for y, making it clear what the general term is.

[STEP 3, 1995Q6]
The variable non-zero complex number z is such that
|z —1i| = 1.
Find the modulus of z when its argument is 8. Find also the modulus and argument ofi in

terms of 8 and show in an Argand diagram the loci of points which represent z and i

Find the locus C in the Argand diagram such that w € C if, and only if, the real part of% is —1.
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[STEP 3, 1995Q7]

Consider the following sets with the usual definition of multiplication appropriate to each. In
each case you may assume that the multiplication is associative. In each case state, giving
adequate reasons, whether or not the set is a group:

(i) the complex numbers of unit modulus.
(ii) the integers modulo 4.

(iii) the matrices

_(cosf@ —sind
M(©) = (sinH cos @ )'

where 0 < 6 < 2m.
(iv) the integers 1, 3, 5, 7 modulo 8.
(v) the 2 X 2 matrices all of whose entries are integers.
(vi) the integers 1, 2, 3, 4 modulo 5.

In the case of each pair of groups above state, with reasons, whether or not they are isomorphic.

[STEP 3, 1995Q8]

A plane min 3-dimensional space is given by the vector equation r - i = p, where fi is a unit
vector and p is a non-negative real number. If X is the position vector of a general point X, find
the equation of the normal to m through X and the perpendicular distance of X from .

The unit circles C;, i = 1,2, with centres 1y, lie in the planes m; given by r - ii, = p;, where the 1,
are unit vectors, and p; are non-negative real numbers. Prove that there is a sphere whose
surface contains both circles only if there is a real number 4 such that

r, + An; =r, + An;.
Hence, or otherwise, deduce the necessary conditions that
(r; —rp) - (A X 0z) =0
and that
(py — 07 1) = (pp — 1y -1y

Interpret each of these two conditions geometrically.



Section B: Mechanics
[STEP 3, 1995Q9]

A thin circular disc of mass m, radius r and with its centre of mass at its centre C can rotate
freely in a vertical plane about a fixed horizontal axis through a point O of its circumference. A
particle P, also of mass m, is attached to the circumference of the disc so that the angle OCP is
2a, where a < g

(i) Inthe position of stable equilibrium OC makes an angle  with the vertical. Prove that

" _ sin 2a
anf = 2 —cos2a’

(ii) The density of the disc at a point distant x from C is pr—x. Show that its moment of inertia

. . . 8mr?
about the horizontal axis through O is T

(iii) The mid-point of CP is Q. The disc is held at rest with OQ horizontal and C lower than P
and it is then released. Show that the speed v with which C is moving when P passes
vertically below O is given by

15grsina

2 T EEEEEEEE———
2(2+ 5sina)’

Find the maximum value of v? as « is varied.

[STEP 3, 1995Q10]

A cannon is situated at the bottom of a plane inclined at angle f to the horizontal. A (small)
cannon ball is fired from the cannon at an initial speed u. Ignoring air resistance, find the angle
of firing which will maximize the distance up the plane travelled by the cannon ball and show
that in this case the ball will land at a distance

uZ

g1 +sinp)

from the cannon.

[STEP 3, 1995Q11]

A ship is sailing due west at V knots while a plane, with an airspeed of kV knots, where k > /2,
patrols so that it is always to the north west of the ship. If the wind in the area is blowing from
north to south at V knots and the pilot is instructed to return to the ship every thirty minutes,
how long will her outward flight last?

Assume that the maximum distance of the plane from the ship during the above patrol was d,,
miles. If the air now becomes dead calm, and the pilot's orders are maintained, show that the

. d : : . .
ratio d—‘” of d,, to the new maximum distance, d. miles, of the plane from the ship is
c

k? -2

[ 2 _
TR
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Section C: Probability and Statistics
[STEP 3, 1995Q12]

The random variables X and Y are independently normally distributed with means 0 and
variances 1. Show that the joint probability density function for (X, Y) is

2*+7%)

1 1
f(x:J’)=£62 —o<x <o, —00 <y < o,

If (x, y) are the coordinates, referred to rectangular axes, of a point in the plane, explain what
is meant by saying that this density is radially symmetrical.

The random variables U and V have a joint probability density function which is radially
symmetrical (in the above sense). By considering the straight line with equation U = kV, or
otherwise, show that

U
P<7<k) =2P(U < kV,V > 0).

. - . . U,
Hence, or otherwise, show that the probability density function of; is

1

ST Ry O Sk<e

g(k)

[STEP 3, 1995Q13]

A message of 10* binary digits is sent along a fibre optic cable with high probabilities p, and
p, that the digits 0 and 1, respectively, are received correctly. If the probability of a digit in the
original message being a 1 is «, find the probability that the entire message is received
correctly.

Find the probability § that a randomly chosen digit in the message is received as a 1 and show
that § = «a if, and only if,

9o
a= ,
q1t qo

where qy = 1 —pg and q; = 1 — p;. If this condition is satisfied and the received message
consists entirely of zeros, what is the probability that it is correct?

Ifnowqy =q; =qanda = %, find the approximate value of ¢ which will ensure thata message
of one million binary digits has a fifty-fifty chance of being received entirely correctly.

The probability of error q is proportional to the square of the length of the cable. Initially the
length is such that the probability of a message of one million binary bits, among which 0 and
1 are equally likely, being received correctly is % What would this probability become if a

booster station were installed at its mid-point, assuming that the booster station re-transmits
the received version of the message, and assuming that terms of order g2 may be ignored?



[STEP 3, 1995Q14]
A candidate finishes examination questions in time T, where T has probability density function
f®)=tet t=0,

the probabilities for the various questions being independent. Find the moment generating
function of T and hence find the moment generating function for the total time U taken to finish
two such questions. Show that the probability density function for U is

1
gu) = gu3e‘“ u=0.

Find the probability density function for the total time taken to answer n such questions.
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Section A: Pure Mathematics
[STEP 3, 1996Q1]
Define cosh x and sinh x in terms of exponentials and prove, from your definitions, that
cosh* x — sinh* x = cosh 2x

and

1 3
cosh* x + sinh* x = Zcosh 4x + T

Find ag, a4, ..., a, in terms of n such that
cosh™ x = ay + a, coshx + a, cosh2x + -+ + a, coshnx.

Hence, or otherwise, find expressions for cosh?™ x — sinh?™ x and cosh?™ x + sinh?™ x, in
terms of cosh kx, where k = 0, ..., 2m.

[STEP 3, 1996Q2]
For all values of a and b, either solve the simultaneous equations

x+y+az=2
x+ay+z=>2
2x+y+z=2b

or prove that they have no solution.

[STEP 3, 1996Q3]
Find

N
Rl o,
o 1—acosx

where0 < 8 <mand—-1<a <1.

Hence show that

f% 12 . [2ta
0 2—acosx x_\/4_a2 an 2—a’

and also that

31
J'T 1 d TT
—  dx=-
o V24 cosx 2
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[STEP 3, 1996Q4]
Find the integers k satisfying the inequality k < 2(k — 2).

Given that N is a strictly positive integer consider the problem of finding strictly positive
integers whose sum is N and whose product is as large as possible. Call this largest possible
product P(N). Show that P(5) =2 x 3, P(6) =32, P(7) =22x3,P(8) =2x3%and P(9) =
33.

Find P(1000) explaining your reasoning carefully.

[STEP 3, 1996Q5]
Show, using de Moivre’s Theorem, or otherwise, that

t(t® — 21t* + 35t2 — 7)
7t6 — 35t% + 21t%2 — 1"’

tan76 =

where t = tan 6.

(i) By considering the equation tan 76 = 0, or otherwise, obtain a cubic equation with integer
coefficients whose roots are

s 2T 31
tan? (7) ,tan? <7> and tan? (7)

and deduce the value of

tan (E) tan (2_11) tan (3_11)
7 7 7)
(ii) Find, without using a calculator, the value of

T 3m 5m
tan? (ﬁ) + tan? (ﬁ) + tan? (ﬁ)

[STEP 3, 1996Q6]

(i) LetS be the set of matrices of the form
(a )
a a/
where a is any real non-zero number. Show that S is closed under matrix multiplication
and, further, that S is a group under matrix multiplication.

(ii) Let G be asetofn X n matrices which is a group under matrix multiplication, with identity
element E. By considering equations of the form BC = D for suitable elements B, C and D
of G, show that if a given element A of G is a singular matrix (i.e. det A = 0), then all
elements of G are singular. Give, with justification, an example of such a group of singular
matrices in the casen = 3.
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[STEP 3, 1996Q7]

() fx+y+z=axy+yz+2zx =[andxyz =y, find numbers 4, B and C such that
x3+y3+ 23 =Aa® + Baf + Cy.
Solve the equations

x+y+z=1
x2+y2+22=3
x3+y3+23=4

(ii) The area of a triangle whose sides are a, b and c is given by the formula
area = \/s(s —a)(s—b)(s—0)

. . . 1 :
where s is the semi-perimeter 3 (a+ b+ c).Ifa, b and c are the roots of the equation

x3 —16x% +81x —128 =0,

find the area of the triangle.

[STEP 3, 1996Q8]

A transformation T of the real numbers is defined by

ax—b>b

y=T)=——0

where a, b, ¢, d are real numbers such that ad # bc. Find all numbers x such that T(x) = x,
Show that the inverse operation, x = T~1(y) expressing x in terms of y is of the same form as

T and find corresponding numbers a’, b’, ¢/, d'.

Let S, denote the set of all real numbers excluding r. Show that, if ¢ # 0, there is a value of r
such that T is defined for all x € S, and find the image T(S,). What is the corresponding result

ifc =07

If T;, given by numbers a,, by, ¢1, d;, and T,, given by numbers a,, b,, c,, d,, are two such
transformations, show that their composition T, defined by T5(x) = T,(Ty(x)), is of the same

form.

Find necessary and sufficient conditions on the numbers a, b, c, d for T2, the composition of T
with itself, to be the identity. Hence, or otherwise, find transformations T;, T, and their

composition T such that T? and T are each the identity but T2 is not.



Section B: Mechanics
[STEP 3, 1996Q9]

A particle of mass m is at rest on top of a smooth fixed sphere of radius a. Show that, if the
particle is given a small displacement, it reaches the horizontal plane through the centre of the
sphere at a distance

a(5V5 + 473)
27

from the centre of the sphere.

[Air resistance should be neglected.]

[STEP 3, 1996Q10]

Two rough solid circular cylinders, of equal radius and length and of uniform density, lie side
by side on a rough plane inclined at an angle « to the horizontal, where 0 < a < g Their axes
are horizontal and they touch along their entire length. The weight of the upper cylinder is W,
and the coefficient of friction between it and the plane is ;. The corresponding quantities for
the lower cylinder are W, and u, respectively and the coefficient of friction between the two
cylinders is u. Show that for equilibrium to be possible:

Qo W, > W,

Wyi+W,
wy-wy’

(i) p=

2W; cota )_1
Wi+W, )

(i) = (

Find the similar inequality to (iii) for u,.

[STEP 3, 1996Q11]

A smooth circular wire of radius a is held fixed in a vertical plane with light elastic strings of
natural length a and modulus A attached to the upper and lower extremities, A and C
respectively, of the vertical diameter. The other ends of the two strings are attached to a small
ring B of mass m which is free to slide on the wire. Show that, while both strings remain taut,
the equation for the motion of the ring is

2maf = A(cos @ — sin @) — mg sin 26,
where 6 is the angle CAB.

Initially the system is at rest in equilibrium with sin8 = % Deduce that 514 = 24mg.

The ring is now displaced slightly. Show that in the ensuing motion it will oscillate with period
approximately

91g’
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Section C: Probability and Statistics
[STEP 3, 1996Q12]

It has been observed that Professor Ecks proves three types of theorems: 1, those that are
correct and new; 2, those that are correct, but already known; 3, those that are false. It has also
been observed that, if a certain of her theorems is of type i, then her next theorem is of type j
with probability p;;, where p;; is the entry in the ith row and jth column of the following array:

03 03 04
02 04 04
0.1 03 0.6

Let a;, i = 1,2,3, be the probability that a given theorem is of type i, and let bj be the
consequent probability that the next theorem is of type j.

(i) Explain why b; = a;py; + a;p,j + asPs;.
(ii) Find values of a;, a, and a3 such that b; = q; fori =1, 2, 3.

(iii) For these values of the q; find the probabilities g;; that, if a particular theorem is of type j,

then the precedingtheorem was of type i.

[STEP 3, 1996Q13]

Let X be a random variable which takes only the finite number of different possible real values
X1, X, ..., Xn. Define the expectation E(X) and the variance var(X) of X. Show that, if a and b
are real numbers, then E(aX + b) = aE(X) + b and express var(aX + b) similarly in terms of
var(X).

Let A be a positive real number. By considering the contribution to var(X) of those x; for which
|x; — E(X)| = A, or otherwise, show that

var(X)
12

P[IX —EX)|=1] <

Let k be a real number satisfying k > A. If |x; — E(X)| < k for all i, show that

var(X) — A?

PIIX —E®)| 2] 2 —5—



[STEP 3, 1996Q14]

Whenever I go cycling I start with my bike in good working order. However if all is well at time
t, the probability that I get a puncture in the small interval (t,t + §t)is adt. How many
punctures can [ expect to get on a journey during which my total cycling time is T?

When I get a puncture [ stop immediately to repair it and the probability that, if [ am repairing
it at time ¢, the repair will be completed in time (¢, t + 6t) is f6t. If p(t) is the probability that
[ am repairing a puncture at time t, write down an equation relating p(t) to p(t + 6t), and
derive from this a differential equation relating p’(t) and p(t). Show that

a
p(t) = m(l —exp(—(a + A1),

satisfies this differential equation with the appropriate initial condition.

Find an expression, involving a, § and T, for the time expected to be spent mending punctures
during a journey of total time T. Hence, or otherwise, show that, the fraction of the journey
expected to be spent mending punctures is given approximately by

aT
o if (a+pB)T issmall,

and by

a
m if (a+pB)T islarge.
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Section A: Pure Mathematics
[STEP 3, 1997Q1]

(i) By considering the series expansion of (x? + 5x + 4)e* or otherwise, show that

32 42 52
108=4+E+Z+§+"'.
(ii) Show that
22 32 42
58=1+E+E+§+"'.
(iii) Evaluate
3 33 43
TR TR

[STEP 3, 1997Q2]
Let

Int
f(t)=T for t > 0.
Sketch the graph of f(t) and find its maximum value. How many values of t correspond to a
given positive value of f(t)?

Find how many positive values of y satisfy x¥ = y* for a given positive value of x. Sketch the
set of points (x, y) which satisfy x¥ = y* with x,y > 0.

[STEP 3, 1997Q3]
By considering the solutions of the equation z™ — 1 = 0, or otherwise, show that

z-w)z-0?) - Z-o")=1+z4+2%+ - +2"1,

2mi

where z is any complex number and w = e .

Let A4, 4,, A5, ..., A, be points equally spaced around a circle of radius r centred at O (so that
they are the vertices of a regular n-sided polygon).

Show that

OA, + 04, + 043 + -+ 04, = 0.

Deduce, or prove otherwise, that

n
2|A1Ak|2 = 2r’n.
k=1

2 STEP 3 Past Paper 1997



[STEP 3, 1997Q4]

In this question, you may assume that if k4, ..., k,, are distinct positive real numbers, then

1nk nk "
r=1

r=1

|

i.e. their arithmetic mean is greater than their geometric mean.

Suppose that a, b, c and d are positive real numbers such that the polynomial
f(x) = x* — 4ax3 + 6b%x? — 4c3x + d*

has four distinct positive roots p, g, r and s.

(i) Show thatpgqr, grs, rsp, and spq are distinct.

(ii) By considering the relationship between the coefficients of f and its roots, show that ¢ >
d.

(iii) Explain why the polynomial f’(x) must have three distinct roots.
(iv) By differentiating f, show that b > c.

(v) Showthata > b.

[STEP 3, 1997Q5]

Find the ratio, over one revolution, of the distance moved by a wheel rolling on a flat surface to
the distance traced out by a point on its circumference.

[STEP 3, 1997Q6]

Suppose that y,, satisfies the equations

d?y,  dy,
dxz—xa+nyn=0,

M =1, y() = D"y ().

(1-x%)

If x = cos 0, show that
d?y,,
do?

and hence obtain y,, as a function of 8. Deduce that for |x| < 1

+n?y, =0,

Yo =1, Yyi=2%
Ynt+1 = 2XYn + Yn—1 = 0.
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[STEP 3, 1997Q7]

For each positive integer n, let

1 1 1
G 1l T D+ e DE+ D+
1 1 1

T T EARC T ER
(i) Evaluate b,,.
(ii) Showthat0 < a, < %
(iii) Deduce that a,, = n!e — [n!e] (where [x] is the integer part of x).

(iv) Hence show that e is irrational.

[STEP 3, 1997Q8]

Let R, be the 2 X 2 matrix that represents a rotation through the angle a and let

a=( 0

(i) Findinterms of a, b and c an angle a such that the matrix R_,AR,, is diagonal (i.e. has the
value zero in top-right and bottom-left positions).

(ii) Find values of a, b and ¢ such that the equation of the ellipse
i
X% + (y + 2xcot20)? = 1 (o <6< —)
4
can be expressed in the form
X
o »a(l)=1
y

Show that, for this A, the matrix R_,AR, is diagonal if @ = 0. Express the non-zero
elements of this diagonal matrix in terms of 6.

(iii) Deduce, or show otherwise, that the minimum and maximum distances from the centre to
the circumference of this ellipse are tan 8 and cot 6.



Section B: Mechanics

[STEP 3, 1997Q9]

A uniform rigid rod BC is suspended from a fixed point A by light stretched springs AB, AC.
The springs are of different natural lengths but the ratio of tension to extension is the same
constant k for each. The rod is not hanging vertically. Show that the ratio of the lengths of the
stretched springs is equal to the ratio of the natural lengths of the unstretched springs.

[STEP 3, 1997Q10]

By pressing a finger down on it, a uniform spherical marble of radius a is made to slide along a
horizontal table top with an initial linear speed vy and an initial backward angular speed w,
about the horizontal axis perpendicular to v,. The frictional force between the marble and the
table is constant (independent of speed).

Find the value of :TO for which the marble
0

(i) slides to a complete stop,

(ii) comes to a stop and then rolls back towards its initial position with linear speed v7°

[STEP 3, 1997Q11]

A heavy symmetrical bell and clapper can both swing freely in a vertical plane about a point O
on a horizontal beam at the apex of the bell. The mass of the bell is M and its moment of inertia
about the beam is Mk?2. Its centre of mass, G, is a distance h from 0. The clapper may be
regarded as a small heavy ball on a light rod of length [. Initially the bell is held with its axis
vertical and its mouth above the beam. The clapper ball rests against the side of the bell, with
the rod making an angle 8 with the axis. The bell is then released. Show that, at the moment
when the clapper and bell separate, the clapper rod makes an angle a with the upward vertical,
where
k2

cota = cotfS — mcosecﬂ.
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Section C: Probability and Statistics
[STEP 3, 1997Q12]

(i) Itossabiased coin which has a probability p of landing heads and a probability g =1 —p
of landing tails. Let K be the number of tosses required to obtain the first head and let

G(s) = Z P(K = k)sk.
k=1

Show that

psS

G(s) = 1—gs

and hence find the expectation and variance of K.

(ii) Isample cards at random with replacement from a normal pack of 52. Let N be the total
number of draws I make in order to sample every card at least once. By expressing N as a
sum N = N; + N, + -+ + N5, of random variables, or otherwise, find the expectation of N.
Estimate the numerical value of this expectation, using the approximations e = 2.7 and

1+%+§+---+%z0.5+1nnifnislarge.

[STEP 3, 1997Q13]

Let X and Y be independent standard normal random variables. The probability density
function, f, of each is therefore given by

1 1.,
fx) =(@2m) 2e 2" .
(i) Find the moment generating function E(egx) of X.

(ii) Find the moment generating function of aX + bY and hence obtain the condition on a and
b which ensures that aX + bY has the same distribution as X and Y.

(iii) Let Z = e#*?X, Show that

E(Ze) - eu6+%0262’

and hence find the expectation and variance of Z.

[STEP 3, 1997Q14]

An industrial process produces rectangular plates of mean length y; and mean breadth y,. The
length and breadth vary independently with non-zero standard deviations ¢; and o,
respectively. Find the means and standard deviations of the perimeter and of the area of the
plates. Show that the perimeter and area are not independent.
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Section A: Pure Mathematics
[STEP 3, 1998Q1]

Let
f(x) =sin?x+ 2cosx + 1

for 0 < x < 2m. Sketch the curve y = f(x), giving the coordinates of the stationary points. Now
let

_af(x)+b

9(x) = cf(x)+d

ad # bc, d # =3¢, d #c.

Show that the stationary points of y = g(x) occur at the same values of x as those of y = f(x),
and find the corresponding values of g (x).

Explain why, if % <=3 or% > 1, |g(x)| cannot be arbitrarily large.

[STEP 3, 1998Q2]

Let

1

I(a,b) = f t*(1—-t)’dt (a=0,b=0).
0

(i) Showthatl(a,b) =I(b,a).
(ii) ShowthatlI(a,b) =1(a+1,b)+1(a,b+1).

(iii) Show that (a + 1)I(a,b) =bl(a+1,b —1) when a and b are positive and hence
calculate I(a, b) when a and b are positive integers.

[STEP 3, 1998Q3]

The value Vy of a bond after N days is determined by the equation
VN+1=(1+C)VN_d (C>O,d>0),

where ¢ and d are given constants. By looking for solutions of the form V; = AkT + B for some
constants A, B and k, or otherwise, find Vy in terms of V/;,.

What is the solution for ¢ = 0? Show that this is the limit (for fixed N) as ¢ — 0 of your solution
forc > 0.



[STEP 3, 1998Q4]

Show that the equation (in plane polar coordinates) r = cos 8, for —g <6< g, represents a

circle.

Sketch the curve r = cos 26 for 0 < 6 < 27, and describe the curves r = cos 2nf, where n is
an integer. Show that the area enclosed by such a curve is independent of n.

Sketch also the curve r = cos 360 for 0 < 6 < 2.

[STEP 3, 1998Q5]

The exponential of a square matrix A is defined to be
— N 1 T
exp(A) = Z EA ,
=0

where A® = I and I is the identity matrix.
Let
M= ((1) 01).
Show that M? = —I and hence express exp(6M) as a single 2 X 2 matrix, where 8 is a real
number. Explain the geometrical significance of exp(6M).
Let
N=(o o)
Express similarly exp(sN), where s is a real number, and explain the geometrical significance
of exp(sN).
For which values of 6 does
exp(sN) exp(6M) = exp(6M) exp(sN)

for all s? Interpret this fact geometrically.

[STEP 3, 1998Q6]

(i) Show that four vertices of a cube, no two of which are adjacent, form the vertices of a
regular tetrahedron. Hence, or otherwise, find the volume of a regular tetrahedron whose
edges are of unit length.

(ii) Find the volume of a regular octahedron whose edges are of unit length.

(iii) Show that the centres of the faces of a cube form the vertices of a regular octahedron. Show
that its volume is half that of the tetrahedron whose vertices are the vertices of the cube.

[A regular tetrahedron (octahedron) has four (eight) faces, all equilateral triangles.]
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[STEP 3, 1998Q7]

Sketch the graph of f(s) = e®(s —3) + 3 for 0 < s < 0. Taking e = 2.7, find the smallest
positive integer, m, such that f(m) > 0.
Now let

x3
b(x) =
eT — 1

where T is a positive constant. Show that b(x) has a single turning point in 0 < x < co. By
considering the behaviour for small x and for large x, sketch b(x) for 0 < x < oo.

Let

foob(x) dx = B,
0

which may be assumed to be finite. Show that B = KT™ where K is a constant, and n is an
integer which you should determine.

Given that B = 2 fon b(x) dx, use your graph of b(x) to find a rough estimate for K.

[STEP 3, 1998Q8]

(i) Show that the line r = b + A, where f is a unit vector, intersects the sphere r.r = a? at
two points if

a? > b.b — (b. /)2

Write down the corresponding condition for there to be precisely one point of intersection.
If this point has position vector p, show that m.p = 0.

(ii)) Now consider a second sphere of radius a and a plane perpendicular to a unit vector f.
The centre of the sphere has position vector d and the minimum distance from the origin
to the plane is [. What is the condition for the plane to be tangential to this second sphere?

(iii) Show that the first and second spheres intersect at right angles (i.e. the two radii to each
point of intersection are perpendicular) if

d.d = 242



Section B: Mechanics
[STEP 3, 1998Q9]

A uniform right circular cone of mass m has base of radius a and perpendicular height h from
base to apex. Show that its moment of inertia about its axis is Emaz, and calculate its moment

of inertia about an axis through its apex parallel to its base.
[Any theorems used should be stated clearly.]

The cone is now suspended from its apex and allowed to perform small oscillations. Show that
their period is

) 4h2 + g2
T Sgh

. . 3 .
[You may assume that the centre of mass of the cone is a distance " h from its apex.]

[STEP 3, 1998Q10]

Two identical spherical balls, moving on a horizontal, smooth table, collide in such a way that
both momentum and kinetic energy are conserved. Let v; and v, be the velocities of the balls
before the collision and let v'; and v', be the velocities of the balls after the collision, where v,
v,, V1 and V', are two-dimensional vectors. Write down the equations for conservation of
momentum and Kinetic energy in terms of these vectors. Hence show that their relative speed
is also conserved.

Show that, if one ball is initially at rest but after the collision both balls are moving, their final
velocities are perpendicular.

Now suppose that one ball is initially at rest, and the second is moving with speed V. After a
collision in which they lose a proportion k of their original kinetic energy (0 < k < 1), the
direction of motion of the second ball has changed by an angle 8. Find a quadratic equation
satisfied by the final speed of the second ball, with coefficients depending on k, V and 8. Hence

show that k < %

STEP 3 Past Paper 1998 5



[STEP 3, 1998Q11]

Consider a simple pendulum of length [ and angular displacement 8, which is not assumed to

be small. Show that
1 ] (dG)z — 4(cos8 )
UG = g(cos cosYy),

where y is the maximum value of 8. Show also that the period P is given by

e [ ) -o() e

By using the substitution sin (5) = sin (g) sin ¢, and then finding an approximate expression

for the integrand using the binomial expansion, show that for small values of y the period is
approximately



Section C: Probability and Statistics
[STEP 3, 1998Q12]

The mountain villages 4, B, C and D lie at the vertices of a tetrahedron, and each pair of villages
is joined by a road. After a snowfall the probability that any road is blocked is p, and is
independent of the conditions of any other road. The probability that, after a snowfall, it is
possible to travel from any village to any other village by some route is P. Show that

P=1-—p?(6p3—12p%+3p +4).

[STEP 3, 1998Q13]

Write down the probability of obtaining k heads in n tosses of a fair coin. Now suppose that k
is known but n is unknown. A maximum likelihood estimator (MLE) of n is defined to be a
value (which must be an integer) of n which maximizes the probability of k heads.

A friend has thrown a fair coin a number of times. She tells you that she has observed one head.
Show that in this case there are two MLEs of the number of tosses she has made.

She now tells you that in a repeat of the exercise she has observed k heads. Find the two MLEs
of the number of tosses she has made.

She next uses a coin biased with probability p (known) of showing a head, and again tells you
that she has observed k heads. Find the MLEs of the number of tosses made. What is the
condition for the MLE to be unique?

[STEP 3, 1998Q14]

A hostile naval power possesses a large, unknown number N of submarines. Interception of
radio signals yields a small number n of their identification numbers X; (i = 1, 2, ..., n), which
are taken to be independent and uniformly distributed over the continuous range from 0 to N.
Show that Z; and Z,, defined by

n+1 2%
Zl = A MaX{Xl,Xz,...,Xn} and Zz =EZXL,
i=1

both have means equal to N.

Calculate the variance of Z; and of Z,. Which estimator do you prefer, and why?
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Section A: Pure Mathematics
[STEP 3, 1999Q1]
Consider the cubic equation
x3—px?+qx—7r=0,
wherep # 0and r # 0.

(i) If the three roots can be written in the form ak ™%, a and ak for some constants a and k,
show that one root is % and that g3 —rp3 = 0.

3 2
(i) Ifr = %, show that% is a root and that the product of the other two roots is (%) . Deduce

that the roots are in geometric progression.

(iii) Find a necessary and sufficient condition involving p, g and r for the roots to be in
arithmetic progression.

[STEP 3, 1999Q2]

(i) Let f(x) = (1 + x?)e*. Show that f'(x) = 0 and sketch the graph of f(x). Hence, or
otherwise, show that the equation

(14 x2)e* =k,
where k is a constant, has exactly one real root if k > 0 and no real roots if k < 0.
(ii) Determine the number of real roots of the equation
(e¥*—1)—ktan lx =0

in the cases (a) 0 < k S%and (b)%< k < 1.

[STEP 3, 1999Q3]

Justify, by means of a sketch, the formula

1aliS: 1) e

m=1

Show that

lim

n—-oo

1 1 1
{ + + 4
n+1l n+2 n+n

Evaluate

lim { R }
im et —=——t
nownz+1 n2+4 n? +n?
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[STEP 3, 1999Q4]

A polyhedron is a solid bounded by F plane faces, which meet in E edges and V vertices. You
may assume Euler’s formula, thatV — E + F = 2.

In a regular polyhedron the faces are equal regular m-sided polygons, n of which meet at each

vertex. Show that

F=—
h’

whereh =4 —(n—2)(m - 2).

By considering the possible values of h, or otherwise, prove that there are only five regular
polyhedra, and find V, E and F for each.

[STEP 3, 1999Q5%]
The sequence uy, U4, Uy, ... is defined by
uy =1, u; =1, Upp1 = U, +uyq; for n>1.
Prove that
Uryz +Uf_q = 2 eq + UD).
Using induction, or otherwise, prove the following result:
Upp = Uf +Uf_y and  Uppyq = Ufq — Uf4

for any positive integer n.

[STEP 3, 1999Q6]

A closed curve is given by the equation

2 2 2
xn 4+ yn = qn (%)

where n is an odd integer and a is a positive constant. Find a parametrization x = x(t),y =
y(t) which describes the curve anticlockwise as t ranges from 0 to 21t.

Sketch the curve in the case n = 3, justifying the main features of your sketch.

The area A enclosed by such a curve is given by the formula

12 4 d
A=z fo [x(t)%— yo O 4,

dt

Use this result to find the area enclosed by (*) forn = 3.
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[STEP 3, 1999Q7]

Let a be a non-zero real number and define a binary operation on the set of real numbers by
xxy=x+y+axy.
Show that the operation * is associative.

Show that (G, *) isagroup, where G is the set of all real numbers except for one number which
you should identify.

Find a subgroup of (G, *) which has exactly 2 elements.

[STEP 3, 1999Q8]

The function y(x) is defined for x > 0 and satisfies the conditions

0 and Yo at x=0
y=0 and ——=1 at x=0.

When x is in the range 2(n — 1) < x < 2nm, where n is a positive integer, y(t) satisfies the
differential equation

% +n?y = 0.
Both y and j—i’ are continuousatx = 2nnforn =0,1,2, ....
(i) Find y(x) for 0 < x < 2m.
(ii) Show thaty(x) = %sin 2x for 2m < x < 4m, and find y(x) for all x = 0.
(iii) Show that

X =T .
0 Y n?
n=1



Section B: Mechanics
[STEP 3, 1999Q9]

The gravitational force between two point particles of masses m and m' is mutually attractive
and has magnitude

emm'

r2
where G is a constant and r is the distance between them.

A particle of unit mass lies on the axis of a thin uniform circular ring of radius r and mass m, at
a distance x from its centre. Explain why the net force on the particle is directed towards the
centre of the ring and show that its magnitude is

Gmx
—_—
(x? +1?)2

The particle now lies inside a thin hollow spherical shell of uniform density, mass M and radius
a, at a distance b from its centre. Show that the particle experiences no gravitational force due
to the shell.

[STEP 3, 1999Q10]

A chain of mass m and length [ is composed of n small smooth links. It is suspended vertically
over a horizontal table with its end just touching the table, and released so that it collapses
inelastically onto the table. Calculate the change in momentum of the (k + 1)th link from the
bottom of the chain as it falls onto the table.

Write down an expression for the total impulse sustained by the table in this way from the
whole chain. By approximating the sum by an integral, show that this total impulse is
approximately

%m,/Zgl

when n is large.

[STEP 3, 1999Q11]

Calculate the moment of inertia of a uniform thin circular hoop of mass m and radius a about
an axis perpendicular to the plane of the hoop through a point on its circumference.

The hoop, which is rough, rolls with speed v on a rough horizontal table straight towards the
edge and rolls over the edge without initially losing contact with the edge. Show that the hoop
will lose contact with the edge when it has rotated about the edge of the table through an angle
6, where

0_1+ v
cos =3 209"

STEP 3 Past Paper 1999 5



Section C: Probability and Statistics
[STEP 3, 1999Q12]

In the game of endless cricket the scores X and Y of the two sides are such that

PX=jY=k)= e‘l%,
for some positive constant 4, where j,k = 0,1, 2, ....

(i) Find P(X +Y = n) foreachn > 0.

(ii) Show that21e?4~1 =1,

iii) Show that 2xe is an increasing function of x for x and deduce that the equation in
iii) Show that 2xe?* !isani ing function of x for x > 0 and deduce that the equation i
(ii) has at most one solution and hence determine A.

(iv) Calculate the expectation E(2X*Y).

[STEP 3, 1999Q13]

The cakes in our canteen each contain exactly four currants, each currant being randomly
placed in the cake. | take a proportion X of a cake where X is a random variable with density
function

f(x) =Ax
for 0 < x < 1 where A4 is a constant.
(i) Whatis the expected number of currants in my portion?

(ii) IfI find all four currants in my portion, what is the probability that I took more than half
the cake?

[STEP 3, 1999Q14]

In the basic version of Horizons (H1) the player has a maximum of n turns, wheren > 1. At
each turn, she has a probability p of success, where 0 < p < 1. If her first success is at the rth
turn, where 1 < r < n, she collects r pounds and then withdraws from the game. Otherwise,
her winnings are nil. Show that in H1, her expected winnings are

p~ 1+ ng™*t — (n+ 1)q™] pounds,
whereq =1 —p.

The rules of H2 are the same as those of H1, except that n is randomly selected from a Poisson
distribution with parameter A. If n = 0 her winnings are nil. Otherwise she plays H1 with the
selected n. Show that in H2, her expected winnings are

1
5(1 - e_)‘p) — Age™P pounds.



STEP 3 2000

STEP 3 2000
On-line Exam

Scan the QR code or click on the link to take an on-line exam.

Full solutions can be accessed after submission.

TIME ALLOWED: 180 MINUTES

INSTRUCTIONS TO CANDIDATES

Read this page carefully, but do not open this question paper until you are told that you
may do so.

Read the additional instructions on the front of the answer booklet.

Write your name, centre number, candidate number, date of birth, and indicate the
paper number in the spaces provided on the answer booklet.

INFORMATION FOR CANDIDATES
This paper contains three sections: A, B, and C.
Section A Pure Mathematics
Section B Mechanics
Section C Probability and Statistics
There are 14 questions in this paper.
Each question is marked out of 20. There is no restriction of choice.
All questions attempted will be marked.
Your final mark will be based on the six questions for which you gain the highest marks.

You are advised to concentrate on no more than six questions. Little credit will be given
for fragmentary answers.

Calculators are not permitted.

STEP 3 Past Paper 2000 1


https://appau7lmfib7689.h5.xiaoeknow.com/evaluation_wechat/examination/introduce/ex_61641545f2335_lS6mJfE7

Section A: Pure Mathematics
[STEP 3, 2000Q1]

Sketch on the same axes the two curves C; and C,, given by

Ci: xy =1,
Cy: x?2—y?2=2.

The curves intersect at P and Q. Given that the coordinates of P are (a, b) (which you need not
evaluate), write down the coordinates of Q in terms of a and b.

The tangent to C; through P meets the tangent to C, through Q at the point M, and the tangent
to C, through P meets the tangent to C; through Q at N. Show that the coordinates of M are
(—=b, a) and write down the coordinates of N.

Show that PMQN is a square.

[STEP 3, 2000Q2]

Use the substitution x = 2 — cos 6 to evaluate the integral

1
2/x—1 Ed
L(B—x) X

2

Show that, fora < b,

1
[ Cdler 20

3a+b a+b
wherep = 0 and q = -

[STEP 3, 2000Q3]

.TC
Given thata = e's, prove that 1 + a? = a.

A triangle in the Argand plane has vertices 4, B, and C represented by the complex numbers p,
gqa? and —ra respectively, where p, q and r are positive real numbers. Sketch the triangle ABC.

Three equilateral triangles ABL, BCM and CAN (each lettered clockwise) are erected on sides
AB, BC and CA respectively. Show that the complex number representing N is (1 — a)p — a?r
and find similar expressions for the complex numbers representing L and M.

Show that lines LC, MA and NB all meet at the origin, and that these three line segments have
the common lengthp + g + .
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[STEP 3, 2000Q4]
The function f(x) is defined by

— 2 —
fo) =2 x)_(xl )

Prove algebraically that the line y = x + c intersects the curve y = f(x) if |a| = 1, but there
are values of ¢ for which there are no points of intersection if |a| < 1.

Find the equation of the oblique asymptote of the curve y = f(x). Sketch the graph in the two

cases ()a< —L;and (i) —1<a< —%. (You need not calculate the turning points.)

[STEP 3, 2000Q5]

b

Given two non-zero vectors a = ( ) and b = (b;) we define A(a,b) by A(a,b) = a;b, — a,b;.

a;
az
Let A, B and C be points with position vectors a, b and ¢, respectively, no two of which are

parallel. Let P, Q and R be points with position vectors p, q and r, respectively, none of which
are parallel.

(i) Show thatthere existsa 2 X 2 matrix M such that P and Q are the images of A and B under
the transformation represented by M.

(ii) Show thatA(a,b)c+ A(c,a)b + A(b,c)a = 0.

Hence, or otherwise, prove that a necessary and sufficient condition for the points P, Q,
and R to be the images of points A, B and C under the transformation represented by
some 2 X 2 matrix M is that

A(a,b):A(b,c): A(c,a) = A(p,q): A(q, r): A(T, p).

[STEP 3, 2000Q6]
Given that
x*+px?+qgx+r=x%—ax+b)(x*+ax +c),
express p, q and r in terms of a, b and c.
Show also that a? is a root of the cubic equation
ud +2pu? + (p? —4r)u—q%?=0.

Explain why this equation always has a non-negative root, and verify that u = 9 isaroot in the
casep =—1,q = —6,r = 15.

Hence, or otherwise, express
y* —8y3 +23y2 — 34y + 39

as a product of two quadratic factors.
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[STEP 3, 2000Q7]

Given that

_ 1 1 1 1
e TR TR TR TR
Use the binomial theorem to show that

n

1
(1+—> <e
n

The product P(n) is defined, for any positive integer n, by

for any positive integer n.

Use the arithmetic-geometric mean inequality,

a1+a2+"'+an l
> (‘11 ¢ PRI an)n:

n

to show that P(n) < e for all n.

Explain briefly why P(n) tends to a limit as n — oo. Show that this limit, L, satisfies 2 < L < e.

[STEP 3, 2000Q8]

The sequence a,, is defined by ay, = 1, a; = 1, and

1+a?_
an = e (n=2)
ap_2
Prove by induction that
ap = 3ap-1 —An-2 (n=2)

Hence show that

a,2n—1 + a—(Zn—l)

a, = NG (n=1),

where a = 1+2\/§.
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Section B: Mechanics
[STEP 3, 2000Q9]

Two small discs of masses m and um lie on a smooth horizontal surface. The disc of mass um
is at rest, and the disc of mass m is projected towards it with velocity u. After the collision, the
disc of mass um moves in the direction given by unit vector fi. The collision is perfectly elastic.

(i) Show that the speed of the disc of mass um after the collision is %ﬁ

(ii) Given that the two discs have equal kinetic energy after the collision, find an expression
for the cosine of the angle between fi and u and show that 3 —v8 < u < 3 + /8.

[STEP 3, 2000Q10]

A sphere of radius a and weight W rests on horizontal ground. A thin uniform beam of weight
3v3W and length 2a is freely hinged to the ground at X, which is a distance v3a from the point
of contact of the sphere with the ground. The beam rests on the sphere, lying in the same
vertical plane as the centre of the sphere. The coefficients of friction between the beam and the
sphere and between the sphere and the ground are y; and p, respectively.

Given that the sphere is on the point of slipping at its contacts with both the ground and the
beam, find the values of y; and y,.

[STEP 3, 2000Q11]

A thin beam is fixed at a height 2a above a horizontal plane. A uniform straight rod ACB of
length 9a and mass m is supported by the beam at C. Initially, the rod is held so that it is
horizontal and perpendicular to the beam. The distance AC is 3a, and the coefficient of friction
between the beam and the rod is u.

The rod is now released. Find the minimum value of u for which B strikes the horizontal plane
before slipping takes place at C.
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Section C: Probability and Statistics
[STEP 3, 2000Q12]

In a lottery, any one of N numbers, where N is large, is chosen at random and independently
for each player by machine. Each week there are 2N players and one winning number is drawn.
Write down an exact expression for the probability that there are three or fewer winners in a
week, given that you hold a winning ticket that week. Using the fact that

(-3 =

for n much larger than a, or otherwise, show that this probability is approximately %

Discuss briefly whether this probability would increase or decrease if the numbers were
chosen by the players.

Show that the expected number of winners in a week, given that you hold a winning ticket that
week,is3 — N~ 1.

[STEP 3, 2000Q13]

A set of n dice is rolled repeatedly. For each die the probability of showing a six is p. Show that
the probability that the first of the dice to show a six does so on the rth roll is

" (@ =1
whereq =1 —p.

Determine, and simplify, an expression for the probability generating function for this
distribution, in terms of g and n. The first of the dice to show a six does so on the Rth roll. Find

the expected value of R and show that, in the casen = 2,p = %, this value is %.
Show that the probability that the last of the dice to show a six does so on the rth roll is
(1—gH" -1 —-qH"

Find, for the case n = 2, the probability generating function. The last of the dice to show a six

does so on the Sth roll. Find the expected value of S and evaluate this whenp = -

[STEP 3, 2000Q14]

The random variable X takes only the values x; and x, (where x; # x,), and the random
variable Y takes only the values y; and y, (where y; # y,). Their joint distribution is given by

PX=x,Y=y1)=a PX=x,Y=y)=q—a PX=x,Y=y)=p—a
Show that if E(XY) = E(X)E(Y) then
(a—p)(x1 —x)(y1 —y2) = 0.

Hence show that two random variables each taking only two distinct values are independent if
E(XY) = E(X)E(Y).

Give a joint distribution for two random variables A and B, each taking the three values —1, 0
and 1 with probability %, which have E(AB) = E(A)E(B), but which are not independent.
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Section A: Pure Mathematics
[STEP 3, 2001Q1]

1
VxZ+1

Given thaty = ln(x +Vx2 + 1), show that% =
Prove by induction that, forn > 0,
(2 + Dy™2 + 2n+ Dxy™ +n?y" =0,
n_d"% 0 _
where y" = o and y° = y.
Using this result in the case x = 0, or otherwise, show that the Maclaurin series for y begins

x3+3x5
X% T 40

and find the next non-zero term.

[STEP 3, 2001Q2]
Show that cosh™! x = ln(x +Vx% - 1).

Show that the area of the region defined by the inequalities y? > x? — 8 and x? > 25y? — 16

. 72
is ?ln 2.

[STEP 3, 2001Q3]
Consider the equation
x2—bx+c=0,
where b and c are real numbers.

(i) Show thatthe roots of the equation are real and positive ifand only if b > 0 and b? > 4c¢ >
0, and sketch the region of the b-c plane in which these conditions hold.

(ii) Sketch the region of the b-c plane in which the roots of the equation are real and less than
1 in magnitude.



[STEP 3, 2001Q4]

In this question, the function sin™?!

is defined to have domain —1 < x < 1 and range —g <x<
gand the function tan™! is defined to have the real numbers as its domain and range —g <
x <

2
(i) Let

2x
g(x)=m, —00 < x < 00,

Sketch the graph of g(x) and state the range of g.
(ii) Let

2x
f(x)=sin‘1<1+x2>, —00 < x < 0,

Show that f(x) = 2tan"'xfor—1 <x < land f(x) =m— 2tan ! x for x > 1.

Sketch the graph of f (x).

[STEP 3, 2001Q5%]
Show that the equation x3 + px + g = 0 has exactly one real solution if p > 0.
A parabola C is given parametrically by
x = at?, y =2at (a>0).

Find an equation which must be satisfied by t at points on C at which the normal passes
through the point (h, k). Hence show that, if h < 2a, exactly one normal to C will pass through
(h, k).

Find, in Cartesian form, the equation of the locus of the points from which exactly two normal
can be drawn to C. Sketch the locus.

[STEP 3, 2001Q6]
The plane
y

A
a b ¢

. . . . 1 1, 1
meets the co-ordinate axes at the points 4, B and C. The point M has coordinates (E a, Eb’ EC)

and O is the origin.

Show that OM meets the plane at the centroid (% a, % b, % c) of triangle ABC. Show also that the

perpendiculars to the plane from O and from M meet the plane at the orthocentre and at the
circumcentre of triangle ABC respectively.

Hence prove that the centroid of a triangle lies on the line segment joining its orthocentre and
circumcentre, and that it divides this line segment in the ratio 2 : 1.

[The orthocentre of a triangle is the point at which the three altitudes intersect; the
circumcentre of a triangle is the point equidistant from the three vertices.]
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[STEP 3, 2001Q7]

Sketch the graph of the function In x — %xz.

Show that the differential equation

dy  2xy
dx  x2-1

describes a family of parabolas each of which passes through the points (1,0) and (-1, 0) and
has its vertex on the y-axis.

Hence find the equation of the curve that passes through the point (1, 1) and intersects each of
the above parabolas orthogonally. Sketch this curve.

[Two curves intersect orthogonally if their tangents at the point of intersection are
perpendicular.]

[STEP 3, 2001Q8]
(i) Prove that the equations
z— (1 +D]? =2 ©
and
lz—(1-1|?=2|z—1]?
describe the same locus in the complex z-plane. Sketch this locus.

(ii) Prove that the equation

e

describes part of this same locus, and show on your sketch which part.

(iii) The complex number w is related to z by

2
w=-
z

Determine the locus produced in the complex w-plane if z satisfies (). Sketch this locus
and indicate the part of this locus that corresponds to ().
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Section B: Mechanics
[STEP 3, 2001Q9]

B; and B, are parallel, thin, horizontal fixed beams. B; is a vertical distance d sin @ above B,,
and a horizontal distance d cos a from B,, where 0 < a < g Along heavy plank is held so that
itrests on the two beams, perpendicular to each, with its centre of gravity at B;. The coefficients

of friction between the plank and B; and B, are u; and u,, respectively, where u; < py, and
U1+ U, = 2tana.

The plank is released and slips over the beams experiencing a force of resistance from each
beam equal to the limiting frictional force (i.e. the product of the appropriate coefficient of
friction and the normal reaction). Show that it will come to rest with its centre of gravity over
B, in a time

1
2

" (9(#2 - Zl) cosa) '

[STEP 3, 2001Q10]

Three ships 4, B and C move with velocities v;, v, and u respectively. The velocities of A and
B relative to C are equal in magnitude and perpendicular. Write down conditions that u, v; and
v, must satisfy and show that

2

2
= |E(V1 - V)

1
|u—§(v1 +v,)

and

1
<“ 3 E(Vl + V2)> (v —v) = 0.
Explain why these equations determine, for given v; and v,, two possible velocities for C,
provided v; # v,.

If v; and v, are equal in magnitude and perpendicular, show thatif u # 0 thenu = v; + v;.

[STEP 3, 2001Q11]

A uniform cylinder of radius a rotates freely about its axis, which is fixed and horizontal. The
moment of inertia of the cylinder about its axis is I. A light string is wrapped around the
cylinder and supports a mass m which hangs freely. A particle of mass M is fixed to the surface
of the cylinder. The system is held at rest with the particle vertically below the axis of the
cylinder, and then released. Find, in terms of I, a, M, m, g and @, the angular velocity of the
cvlinder when it has rotated through angle 6.

Show that the cylinder will rotate without coming to a halt if% > sin a, where «a satisifes ¢ =

tan%a and0 < a <
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Section C: Probability and Statistics
[STEP 3, 2001Q12]

A bag contains b black balls and w white balls. Balls are drawn at random from the bag and
when a white ball is drawn it is put aside.

(i) If the black balls drawn are also put aside, find an expression for the expected number of
black balls that have been drawn when the last white ball is removed.

(ii) Ifinstead the black balls drawn are put back into the bag, prove that the expected number
of times a black ball has been drawn when the first white ball is removed is %. Hence write

down, in the form of a sum, an expression for the expected number of times a black ball
has been drawn when the last white ball is removed.

[STEP 3, 2001Q13]

In a game for two players, a fair coin is tossed repeatedly. Each player is assigned a sequence
of heads and tails and the player whose sequence appears first wins. Four players, 4, B, C and
D take turns to play the game. Each time they play, A is assigned the sequence TTH (i.e. Tail
then Tail then Head), B is assigned THH, C is assigned HHT and D is assigned HTT.

(i) A and B play the game. Let pyy, pur, Pry and prr be the probabilities of A winning the
game given that the first two tosses of the coin show HH, HT, TH and TT respectively.

Explain why prr = 1, and why pyr = %pTH + %pTT. Show that pyy = pyr = g and that

Pru = % Deduce that the probability that A wins the game is %

(ii) B and C play the game. Find the probability that B wins.

(iii) Show that if C plays D, then C is more likely to win than D, but that if D plays 4, then D is
more likely to win than A.

[STEP 3, 2001Q14]
A random variable X is distributed uniformly on [0, a]. Show that the variance of X is % a’.

A sample, X; and X, of two independent values of the random variable is drawn, and the
variance V of the sample is determined. Show that V = %(Xl — X,)?, and hence prove that 2V

is an unbiased estimator of the variance of X.

Find an exact expression for the probability that the value of I/ is less than % a? and estimate

the value of this probability correct to one significant figure.
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Section A: Pure Mathematics
[STEP 3, 2002Q1]

. . 1 .
Find the area of the region between the curve y = % and the x-axis, for 1 < x < a. What

happens to this area as a tends to infinity?

Find the volume of the solid obtained when the region between the curve y = lnTX and the x-

axis, for 1 < x < a, is rotated through 2m radians about the x-axis. What happens to this
volume as a tends to infinity?

[STEP 3, 2002Q2]

Prove that arctan a + arctanb = arctan( ) when0<a<1land0<b<1.

ab

Prove by induction that, forn > 1,

M:

rctan( )—arctan( s )
r2+ +1 n+ 2

r=1

and hence find

t
z rcan( 2+r+1>

r=1

Hence prove that

Ms

tan (- :
arctan <
2

—r+1)

T:

[STEP 3, 2002Q3]
Let
f(x) = avx —Vx — b,

Where x > b > 0 and a > 1. Sketch the graph of f(x). Hence show that the equation f(x) = c,
where ¢ > 0, has no solution when ¢? < b(a? — 1). Find conditions on c? in terms of a and b
for the equation to have exactly one or exactly two solutions.

Solve the equations (i) 3vx —vx — 2 = 4 and (ii) 3vx —Vx — 3 = 5.



[STEP 3, 2002Q4]
Show that if x and y are positive and x3 + x? = y3 — y? thenx < y.
Show further thatif 0 < x <y — 1, thenx3® + x? < y3 — y2.

Prove that there does not exist a pair of positiveintegers such that the difference of their cubes
is equal to the sum of their squares.

Find all the pairs of integers such that the difference of their cubes is equal to the sum of their
squares.

[STEP 3, 2002Q5]

Give a condition that must be satisfied by p, g and r for it to be possible to write the quadratic
polynomial px? + gx + r in the form p(x + h)?, for some h.

Obtain an equation, which you need not simplify, that must be satisfied by t if it is possible to
write

1 2
<x2+5bx+t) —(x*+bx3+cx?+dx+e)
in the form k(x + h)?, for some k and h.

Hence, or otherwise, write x* + 6x3 + 9x?> —2x — 7 as a product of two quadratic factors.

[STEP 3, 2002Q6]

Find all the solution curves of the differential equation

dy 4
() = (v2 —1)2

v (2) =0*-D
that pass through either of the points
: V3
M (0.3)
. V5
(ii) (0,7).

Show also that y = 1 and y = —1 are solutions of the differential equation. Sketch all these
solution curves on a single set of axes.
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[STEP 3, 2002Q7]

Given that @ and 8 are acute angles, show thata + f = gif and only if cos? @ + cos? = 1.

In the x-y plane, the point A has coordinates (0, s) and the point C has coordinates (s, 0),
where s > 0. The point B lies in the first quadrant (x > 0,y > 0). The lengths of AB, OB and
CB are respectively a, b and c.

Show that
(s2+b%—a?)? + (s? + b? — ¢?)? = 45%b?
and hence that
(252 —a? — ¢?)? + (2b? — a? — ¢?)? = 4a?c?.
Deduce that

(a—c)? <2b? < (a+c)>.

[STEP 3, 2002Q8]

Four complex numbers u, u,, u3 and u, have unit modulus, and arguments 64, 6,, 65 and 6,,
respectively, with —mt < 8, < 6, <03 <0, <.

Show that
1
arg(uy —uy) = 5(91 +6, —m) +2nn
where n = 0 or 1. Deduce that
arg((uy — uy)(ug — u3)) = arg((uy — uy)(uz — uy)) + 2nm

for some integer n.

Prove that

[(ug — uz)(ug — uz)| + [(uyg —ug)(uz —uz)| = [(ug — uz)(ug —up)l.



Section B: Mechanics
[STEP 3, 2002Q9]

A tall container made of light material of negligible thickness has the form of a prism, with a
square base of area a?. It contains a volume ka? of fluid of uniform density. The container is
held so that it stands on a rough plane, which is inclined at angle 6 to the horizontal, with two

of the edges of the base of the container horizontal. In the case k > %tan 6, show that the centre

of mass of the fluid is at a distance x from the lower side of the container and at a distance y
from the base of the container, where

a 2 12k’

2 24k

x 1 tanf y k tan?8
a

. . . : 1
Determine the corresponding coordinates in the case k < > tan 0.

The container is now released. Given that k < %, show that the container will topple if 8 > 45°.

[STEP 3, 2002Q10]

A light hollow cylinder of radius a can rotate freely about its axis of symmetry, which is fixed
and horizontal. A particle of mass m is fixed to the cylinder, and a second particle, also of mass
m, moves on the rough inside surface of the cylinder. Initially, the cylinder is at rest, with the
fixed particle on the same horizontal level as its axis and the second particle at rest vertically
below this axis. The system is then released. Show that, if 8 is the angle through which the
cylinder has rotated, then

6= i(cos 6 —sin@),
2a
provided that the second particle does not slip.

. . . 3+V3 . :
Given that the coefficient of friction is +T\/_’ show that the second particle starts to slip when

the cylinder has rotated through 60°.

[STEP 3, 2002Q11]

A particle moves on a smooth triangular horizontal surface AOB with angle AOB = 30°. The
surface is bounded by two vertical walls 0A and OB and the coefficient of restitution between
the particle and the walls is e, where e < 1. The particle, which is initially at point P on the
surface and moving with velocity u,, strikes the wall OA at M;, with angle PM;A = 6, and

rebounds, with velocity v, to strike the wall OB at N;, with angle M;N; B = 6. Find e and Z—l in
1

terms of 6.

The motion continues, with the particle striking side OA at M,, M5, ... and striking side OB at
N,, N3, .... Show that, if 8 < 60°, the particle reaches O in a finite time.
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Section C: Probability and Statistics
[STEP 3, 2002Q12]

In a game, a player tosses a biased coin repeatedly until two successive tails occur, when the
game terminates. For each head which occurs the player wins £1. If E is the expected number
of tosses of the coin in the course of a game, and p is the probability of a head, explain why

E=p(1+E)+(1-ppQ2+E)+2(1-p)?

and hence determine E in terms of p. Find also, in terms of p, the expected winnings in the
course of a game.

A second game is played, with the same rules, except that the player continues to toss the coin

until r successive tails occur. Show that the expected number of tosses in the course of a game

o . 1-q7
is given by the expression #, whereq =1 —p.

[STEP 3, 2002Q13]

A continuous random variable is said to have an exponential distribution with parameter A if
its density function is f(t) = Ae ™ (0 < t < ). If X; and X,, which are independent random
variables, have exponential distributions with parameters 4; and 4, respectively, find an
expression for the probability that either X; or X, (or both) is less than x. Prove that if X is the
random variable whose value is the lesser of the values of X; and X,, then X also has an
exponential distribution.

Route A and Route B buses run from my house to my college. The time between buses on each
route has an exponential distribution and the mean time between buses is 15 minutes for Route
A and 30 minutes for Route B. The timings of the buses on the two routes are independent. If |
emerge from my house one day to see a Route A bus and a Route B bus just leaving the stop,
show that the median wait for the next bus to my college will be approximately 7 minutes.

[STEP 3, 2002Q14]
Prove that, for any two discrete random variables X and Y,
Var[X + Y] = Var[X] + Var[Y] + 2Cov[X, Y],
where Var[X] is the variance of X and Cov[X, Y] is the covariance of X and Y.

When a Grandmaster plays a sequence of m games of chess, she is, independently, equally
likely to win, lose or draw each game. If the values of the random variables W, L and D are the
numbers of her wins, losses and draws respectively, justify briefly the following claims:

(i) W + L + D has variance 0.

(i) W + L has a binomial distribution.

Cov|[W,L]

J/Var[w]var[L]

Find the value of

n STEP 3 Past Paper 2002
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Section A: Pure Mathematics
[STEP 3, 2003Q1]

Giventhatx +a > 0and x + b > 0, and that b > a, show that

d . (x+a) vb—a
—arcsin =
dx x+b/ (x+b)Va+b+2x

. d x+a
and find —arcosh (—)
dx x+b

Hence, or otherwise, integrate, for x > —1,
) [—oesdr
(x+1)Vx+3 7’

. 1
(ll) fm—xmdx

d . 1 d
[You may use the results R aresiny = — and = arcoshx = —=

H-

[STEP 3, 2003Q2]

Show that 2"C, = 1><3><r—><'(2r—1) x 27 forr > 1.

1
(i) Give the first four terms of the binomial series for (1 — p) .

By choosing a suitable value for p in this series, or otherwise, show that

[ee]
2r
G

=V

r=0

(ii) Show that
o (2r + D¢ 3
Y= ()
r=0

[Note: "C, is an alternative notation for (f) forr > 1,and °C, = 1]

[STEP 3, 2003Q3]
If m is a positive integer, show that (1 + x)™ + (1 — x)™ # 0 for any real x.
The function f is defined by

A+x)"m-1Q-x)™
A+x)m+0-x)™

Find and simplify an expression for f'(x).

f&x) =

In the case m = 5, sketch the curvesy = f(x) and y = ]%
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[STEP 3, 2003Q4]
A curve is defined parametrically by
x=t2,  y=t(1+t>.
The tangent at the point with parameter t, where t # 0, meets the curve again at the point with
parameter T, where T # t. Show that
1—t?
2t

and 3t # 1.

Given a point P, on the curve, with parameter t,, a sequence of points P,, P;, P,, ... on the curve
is constructed such that the tangent at P; meets the curve again at P; 4. If t; = tan 1—:, show that

P; = Py but P; # P,. Find a second value of ¢y, with t; > 0, for which P; = Py but P; # P,.

[STEP 3, 2003Q5]

Find the coordinates of the turning point on the curve y = x2 — 2bx + c. Sketch the curve in
the case that the equation x? — 2bx + ¢ = 0 has two distinct real roots. Use your sketch to
determine necessary and sufficient conditions on b and c for the equation x? — 2bx + ¢ = 0 to
have two distinct real roots. Determine necessary and sufficient conditions on b and c for this
equation to have two distinct positive roots.

Find the coordinates of the turning points on the curve y = x3 — 3b%x + ¢ (with b > 0) and
hence determine necessary and sufficient conditions on b and c for the equation x> — 3b%x +
¢ = 0 to have three distinct real roots. Determine necessary and sufficient conditions ona, b
and c for the equation (x — a)® — 3b%(x — a) + ¢ = 0 to have three distinct positive roots.

Show that the equation 2x3 — 9x2 + 7x — 1 = 0 has three distinct positive roots.

[STEP 3, 2003Q6]
Show that

2 si ! 6 6 = si ( + 1) 6 — si ( 1) 0
sinZ @ cosr6 =sin{r +7 sin|\r—=6.
Hence, or otherwise, find all solutions of the equation

cosaf + cos(a+ 1)0 + ---+ cos(b — 2)6 + cos(b — 1)8 = 0,

where a and b are positive integers witha < b — 1.
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[STEP 3, 2003Q7]

In the x-y plane, the point A has coordinates (a, 0) and the point B has coordinates (0, b),
where a and b are positive. The point P, which is distinct from A and B, has coordinates (s, t).
X and Y are the feet of the perpendiculars from P to the x-axis and y-axis respectively, and N
is the foot of the perpendicular from P to the line AB. Show that the coordinates (x, y) of N are
given by

ab? — a(bt — as) a’b + b(bt — as)

x = ,
a? + b2 a? + b2

Show that, if (%) (L) = —1, then N lies on the line XY.

s—a

Give a geometrical interpretation of this result.

[STEP 3, 2003Q8]

(i) Show that the gradient at a point (x, y) on the curve
oy +2x)3(y—4x) =c,
where c is a constant, is given by
dy 16x-—y
dx 2y —5x
(ii) By considering the derivative with respect to x of (y + ax)™(y + bx), or otherwise, find
the general solutions of the differential equation

dy 10x —4y
dx  3x—y



Section B: Mechanics
[STEP 3, 2003Q9]

A particle P of mass m is constrained to move on a vertical circle of smooth wire with centre O
and of radius a. L is the lowest point of the circle and H the highestand 2LOP = 6. The particle
is attached to H by an elastic string of natural length a and modulus of elasticity amg where
a > 1. Show that, if @ > 2, there is an equilibrium position with 0 < 6 < .

Given that @ = 2 + /2, and that 8 = g + ¢, show that
5~ g(V2 +1) -
~ 2a
when ¢ is small.

For this value of a, explain briefly what happens to the particle if it is given a small

displacement when 8 = g

[STEP 3, 2003Q10]

A particle moves along the x-axis in such a way that its acceleration is kxx where k is a positive
constant. Whent = 0,x = d (whered > 0)andx = U.

(i) Find x as a function of t in the case U = kd? and show that x tends to infinity as t tends to
T

2dk’

(ii) IfU < 0, find x as a function of t and show that it tends to a limit, which you should state
in terms of d and U, as t tends to infinity.

[STEP 3, 2003Q11]

Point B is a distance d due south of point A on a horizontal plane. Particle P is at rest at B at
t = 0, when it begins to move with constant acceleration a in a straight line with fixed bearing
B.Particle Q is projected from point A at t = 0 and moves in a straight line with constant speed
v. Show that if the direction of projection of Q can be chosen so that Q strikes P, then

v2 > ad(1 — cos ).

Show further that if v2 > ad(1 — cos 8) then the direction of projection of Q can be chosen so
that Q strikes P before P has moved a distance d.
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Section C: Probability and Statistics
[STEP 3, 2003Q12]

Brief interruptions to my work occur on average every ten minutes and the number of
interruptions in any given time period has a Poisson distribution. Given that an interruption
has just occurred, find the probability that I will have less than t minutes to work before the
next interruption. If the random variable T is the time I have to work before the next
interruption, find the probability density function of T.

I need an uninterrupted half hour to finish an important paper. Show that the expected number
of interruptions before my first uninterrupted period of half an hour or more is e — 1. Find
also the expected length of time between interruptions that are less than half an hour apart.
Hence write down the expected wait before my first uninterrupted period of half an hour or
more.

[STEP 3, 2003Q13]

In a rabbit warren, underground chambers 4, B, C and D are at the vertices of a square, and
burrows join Ato B, B to C, C to D and D to A. Each of the chambers also has a tunnel to the
surface. A rabbit finding itself in any chamber runs along one of the two burrows to a
neighbouring chamber, or leaves the burrow through the tunnel to the surface. Each of these
three possibilities is equally likely.

Let p4, pg, Pc and pp be the probabilities of a rabbit leaving the burrow through the tunnel
from chamber 4, given that it is currently in chamber 4, B, C or D, respectively.

. . 1.1 1
(i) Explain whyp, = 3 + 3PB + 3Pp:
(ii) Determine py,.

(iii) Find the probability that a rabbit which starts in chamber A does not visit chamber C,
given that it eventually leaves the burrow through the tunnel in chamber A.



[STEP 3, 2003Q14]

Write down the probability generating function for the score on a standard, fair six-faced die
whose faces are labelled 1, 2, 3, 4, 5, 6. Hence show that the probability generating function for
the sum of the scores on two standard, fair six-faced dice, rolled independently, can be written
as

1
%tz(l +t)(A -t +t2)?2(1 +t+t?)2
Write down, in factorised form, the probability generating functions for the scores on two fair
six-faced dice whose faces are labelled with the numbers 1, 2,2, 3,3,4and 1, 3, 4, 5, 6, 8, and
hence show that when these dice are rolled independently, the probability of any given sum of
the scores is the same as for the two standard fair six-faced dice.

Standard, fair four-faced dice are tetrahedra whose faces are labelled 1, 2, 3, 4, the score being
taken from the face which is not visible after throwing, and each score being equally likely. Find
all the ways in which two fair four-faced dice can have their faces labelled with positive integers
if the probability of any given sum of the scores is to be the same as for the two standard fair
four-faced dice.

STEP 3 Past Paper 2003 7



% UE Oxbridge-Prep



STEP 3 2004

STEP 3 2004
On-line Exam

Scan the QR code or click on the link to take an on-line exam.

Full solutions can be accessed after submission.

TIME ALLOWED: 180 MINUTES

INSTRUCTIONS TO CANDIDATES

Read this page carefully, but do not open this question paper until you are told that you
may do so.

Read the additional instructions on the front of the answer booklet.

Write your name, centre number, candidate number, date of birth, and indicate the
paper number in the spaces provided on the answer booklet.

INFORMATION FOR CANDIDATES
This paper contains three sections: A, B, and C.
Section A Pure Mathematics
Section B Mechanics
Section C Probability and Statistics
There are 14 questions in this paper.
Each question is marked out of 20. There is no restriction of choice.
All questions attempted will be marked.
Your final mark will be based on the six questions for which you gain the highest marks.

You are advised to concentrate on no more than six questions. Little credit will be given
for fragmentary answers.

Calculators are not permitted.

STEP 3 Past Paper 2004


https://appau7lmfib7689.h5.xiaoeknow.com/evaluation_wechat/examination/introduce/ex_6164162b9b29a_NGBDOJvK

2

Section A: Pure Mathematics
[STEP 3, 2004Q1]

Show that

a sinh x 1 V2 cosha — 1 1 V2 +1
f 3 dx = In + In
o 2cosh®x—1 2v2 \V2cosha+1) 2v2 \W2-1

and find
fa coshx q
o 1+ 2sinh?x x

f‘”coshx—sinhxd T 1 | <\/§+ 1)
, X = - n )
o 1+ 2sinh?x 22 22 \W2-1

By substituting u = e* in this result, or otherwise, find

J
; 14ut -

Hence show that

[STEP 3, 2004Q2]
The equation of a curve is y = f(x) where

16(2x + 1)2

fx)=x—4- 2=

(i) Write down the equations of the vertical and oblique asymptotes to the curve and show
that the oblique asymptote is a tangent to the curve.
(ii) Show that the equation f(x) = 0 has a double root.

(iii) Sketch the curve.



[STEP 3, 2004Q3]
Given that f"(x) > 0 when a < x < b, explain with the aid of a sketch why

b
b — a)f(azﬂ) < f F)dx < (b — a)w.
By choosing suitable a, b and f (x), show that
4 1 1 1,1 1
(2n—1)2 <n—1_Z<E(F+(n—1)2>'

where n is an integer greater than 1.

Deduce that
4(i+i+i+...><1<1+(i+l+i+...)_
32 52 72 2 \22 32 42
Show that
1,1 1 1 1 1
E(? E+5—+6z+")<32+?+7z+

and hence show that

[STEP 3, 2004Q4]

The triangle OAB is isosceles, with 0A = OB and angle AOB = 2a where 0 < a < g The semi-

circle Cy has its centre at the midpoint of the base AB of the triangle, and the sides OA and OB
of the triangle are both tangent to the semi-circle. Cy, C,, C5, ... are circles such that C,, is tangent
to C,,_; and to sides OA and OB of the triangle.

Let r;, be the radius of C,,. Show that

Tht1 1 —sina

r, 1+sina’
Let S be the total area of the semi-circle C, and circles C;, C5, Cj, .... Show that

_1+sin2a

4sina

mré.

Show that there are values of a for which S is more than four fifths of the area of triangle OAB.
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[STEP 3, 2004Q5]

Show that if cos(x — @) = cosf then either tanx = tan(a + ) or tanx = tan(a — ). By
choosing suitable values of x, @ and f3, give an example to show that if tan x = tan(a + f8), then
cos(x — a) need not equal to cos 3.

Let w be the acute angle such that tanw = %.

(i) For 0 < x < 2m, solve the equation
cosx —7sinx =5
giving both solutions in terms of w.
(ii) For 0 < x < 2m, solve the equation
2cosx + 11sinx =10

showing that one solution is twice the other and giving both in terms of w.

[STEP 3, 2004Q6]
Given a sequence wy, Wy, W, ..., the sequence Fj, F,, ... is defined by
E, = w2+ w2_| —dw,w,_,.
Show that F, — F,,_1 = (W, —wy_2) (W, + wy,_, — 4w,,_;) forn > 2.
(i) The sequence uy, uq, Uy, ... hasuy = 1, and u; = 2 and satisfies
Uy =AUy — Up_y (n=2).
Prove thatu2 + u%_; = 4u,u,_; — 3 forn > 1.
(ii) A sequence vy, vy, vy, ... has vy = 1 and satisfies
VE + iy = 4vavn_ g — 3 (n=1). ©)
(a) Find v, and prove that, for eachn > 2, either v, = 4v,,_; — v,_, or v, = v, _5.
(b) Show that the sequence, with period 2, defined by

o= {1 for n even
T 2 fornodd

satisfies ().

(c) Find a sequence v,, with period 4 which has v, = 1, and satisfies (*).
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[STEP 3, 2004Q7]

Forn=1,2,3, .., let
1 tn—l
L,=| ——dt.
o), E+ )

By considering the greatest value taken by% for0 <t < 1showthatl,; < %In.

Show also thatl,,,; = —— + I,

1
Deduce that I, < ——.

Prove that

!
In2 =ZW+In+1
r=1

and hence show that§ <ln2< g.

[STEP 3, 2004Q8]
Show that if

dy gx)
= [y + T

then the substitution u = y? gives a linear differential equation for u(x).

Hence or otherwise solve the differential equation

dy_y 1

dx x ¥
Determine the solution curves of this equation which pass through (1, 1), (2,2) and (4, 4) and
sketch graphs of all three curves on the same axes.
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Section B: Mechanics
[STEP 3, 2004Q9]

A circular hoop of radius a is free to rotate about a fixed horizontal axis passing through a point
P on its circumference. The plane of the hoop is perpendicular to this axis. The hoop hangs in
equilibrium with its centre, O, vertically below P. The point A on the hoop is vertically below
0, so that POA is a diameter of the hoop.

A mouse M runs at constant speed u round the rough inner surface of the lower part of the
hoop. Show that the mouse can choose its speed so that the hoop remains in equilibrium with
diameter POA vertical.

Describe what happens to the hoop when the mouse passes the point at which angle AOM =
2 arctan y, where p is the coefficient of friction between mouse and hoop.

[STEP 3, 2004Q10]

A particle P of mass m is attached to points A and B, where A is a distance 9a vertically above
B, by elastic strings, each of which has modulus of elasticity 6mg. The string AP has natural
length 6a and the string BP has natural length 2a. Let x be the distance AP.

The system is released from rest with P on the vertical line AB and x = 6a. Show that the

acceleration X of P is %‘g (7a — x) for 6a < x < 7a and % (7a — x) for 7a < x < 9a.

Find the time taken for the particle to reach B.

[STEP 3, 2004Q11]

Particles P, of mass 2, and Q, of mass 1, move along a line. Their distances from a fixed point

are x; and x,, respectively where x, > x,. Each particle is subject to a repulsive force from the
2

other of magnitude —
z

,where z = x, — x4.

Initially, x; = 0, x5, =
. d’z _ 3

the equation —— = —.

1, Q is at rest and P moves towards Q with speed 1. Show that z obeys

. .. d%z dv dz 5
By first wrltmgﬁ =vy where v = T show thatz = V4t — 2t + 1.

By considering the equation satisfied by 2x; + x,, find x; and x, in terms of t.



Section C: Probability and Statistics
[STEP 3, 2004Q12]

A team of m players, numbered from 1 to m, puts on a set of a m shirts, similarly numbered
from 1 to m. The players change in a hurry, so that the shirts are assigned to them randomly,
one to each player.

Let C; be the random variable that takes the value 1 if player i is wearing shirt i, and 0
otherwise. Show that E[C;] = % and find Var[C; ] and Cov[Cy, C,].

LetN = C; + C; + -+ + C;;, be the random variable whose value is the number of players who
are wearing the correct shirt. Show that E[N] = Var[N] = 1.

Explain why a Normal approximation to N is not likely to be appropriate for any m, but that a
Poisson approximation might be reasonable.

In the case m = 4, find, by listing equally likely possibilities or otherwise, the probability that
no player is wearing the correct shirt and verify that an appropriate Poisson approximation to

N gives this probability with a relative error of about 2%. [Use e = 2 17720.]

[STEP 3, 2004Q13]

A men’s endurance competition has an unlimited number of rounds. In each round, a
competitor has, independently, a probability p of making it through the round; otherwise, he
fails the round. Once a competitor fails a round, he drops out of the competition; before he
drops out, he takes part in every round. The grand prize is awarded to any competitor who
makes it through a round which all the other remaining competitors fail; if all the remaining
competitors fail at the same round the grand prize is not awarded.

If the competition begins with three competitors, find the probability that:
(i) all three drop out in the same round.
(ii) two of them drop out in round r (with r > 2) and the third in an earlier round.

(iii) the grand prize is awarded.
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[STEP 3, 2004Q14]

In this question, ®(z) is the cumulative distribution function of a standard normal random
variable.

Arandom variable is known to have a Normal distribution with mean g and standard deviation
either g, or o, where g, < 0;. The mean, X, of a random sample of n values of X is to be used
to test the hypothesis H, : 0 = g, against the alternative H; : ¢ = o3.

Explain carefully why it is appropriate to use a two sided test of the form: accept Hy if u — ¢ <
X < u + ¢, otherwise accept Hj.
Given that the probability of accepting H; when H, is true is @, determine c in terms of n, g,

and z,, where z,, is defined by ®(z,) =1 — %

The probability of accepting H, when H; is true is denoted by 5. Show that f is independent of
n.

Given that ®(1.960) ~ 0.975 and that ®(0.063) = 0.525, determine, approximately, the

minimum value of% if « and B are both to be less than 0.05.
0
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Section A: Pure Mathematics
[STEP 3, 2005Q1]

Show that sinA = cos B ifand only if A = (4n + 1) g + B for some integers n.

Show also that |sin x + cos x| < v/2 for all values of x and deduce that there are no solutions to
the equation sin(sin x) = cos(cos x).

Sketch, on the same axes, the graphs of y = sin(sinx) and y = cos(cos x). Sketch, not on the
previous axes, the graph of y = sin(2 sin x).

[STEP 3, 2005Q2]

xy
x2+a?’
it can be written in the form y2(x? + a?) = c?, where c is an arbitrary constant. Sketch this
curve.

Find the general solution of the differential equation 3—3(/ = - where a # 0, and show that

Find an expression for % (x2 + y?) and show that

d? 5 5 c? 8c?x?
W(X +y):2 1

— + :
x2+a?)?)  (x?>+a?)3
(i) Show that, if 0 < ¢ < a?, the points on the curve whose distance from the origin is least
Cc
are (0, + —).
a

(i) If ¢ > a?, determine the points on the curve whose distance from the origin is least.

[STEP 3, 2005Q3]

Let f(x) = x* + px + q and g(x) = x? + rx + 5. Find an expression for f(g(x)) and hence
find a necessary and sufficient condition on a, b and c for it to be possible to write the quartic
expression x* + ax3 + bx? + cx + d in the form f(g(x)), for some choice of values of p, q,r
and s.

Show further that this condition holds if and only if it is possible to write the quartic expression
x* + ax3 + bx? + cx + d in the form (x? + vx + w)? — k, for some choice of values of v, w and
k.

Find the roots of the quartic equation x* — 4x3 + 10x? — 12x + 4 = 0.



[STEP 3, 2005Q4]

The sequence u,, (n = 1,2, ...) satisfies the recurrence relation

Un+1
Uny2 = u (kun - un+1)
n

where k is a constant.

Ifu; = aand u, = b, where a and b are non-zero and b # ka, prove by induction that

b
Un = (E) Uzn-1

Uzn+1 = CUzp

for n = 1, where c is a constant to be found in terms of k, a and b. Hence express u,, and u;,_
in terms of a, b, ¢ and n.

Find conditions on a, b and k in the three cases:
(i) the sequence u, is geometric.
(ii) the sequence u, has period 2.

(iii) the sequence u,, has period 4.

[STEP 3, 2005Q5]

Let P be the point on the curve y = ax? + bx + ¢ (where a is non-zero) at which the gradient
is m. Show that the equation of the tangent at P is
_ (m-by
y—mx=c P

Show that the curves y = a;x? + b;x + ¢; and y = a,x? + b,x + ¢, (where a; and a, are non-
zero) have a common tangent with gradient m if and only if
(az - al)mz + 2(a1b2 - azbl)m + 4a1a2(C2 - Cl) + azb% - a1b22 = 0.

Show that, in the case a; # a,, the two curves have exactly one common tangent if and only if
they touch each other. In the case a; = a,, find a necessary and sufficient condition for the two
curves to have exactly one common tangent.
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[STEP 3, 2005Q6]
In this question, you may use without proof the results
4 cosh®y — 3 coshy = cosh(3y) and arcoshy =In (y + m)
[Note: arcosh y is another notation for cosh™! y]

Show that the equation x3 — 3a?x = 2a® cosh T is satisfied by 2a cosh G T) and hence that, if
1
c? > b® one of the roots of the equation x> — 3bx = 2cisu +§where u= (c +Vc? — b3)3.

Show that the other two roots of the equation x3 — 3bx = 2c are the roots of the quadratic

. b b? . .
equation x% + (u + Z) x+u?+ i b = 0, and fine these roots in terms of u, b and w, where

w = 1(—1+i\/§).

T2

Solve completely the equation x3 — 6x = 6.

[STEP 3, 2005Q7]

. 1 _ m _ peom
Show that 1ff—uf(u) du = F(u) + ¢, then fxf(xm) dx = F(x™) + ¢, wherem # 0.
Find:
. 1
@) [o—dx

. 1
(ll) f\/ﬁ dx.

[STEP 3, 2005Q8]

In this question, a and ¢ are distinct non-zero complex numbers. The complex conjugate of any
complex number z is denoted by z*.

Show that

la —c|?> = aa* + cc* —ac* —ca*
and hence prove that the triangle OAC in the Argand diagram, whose vertices are represented
by 0, a and c respectively, is right angled at 4 if and only if 2aa* = ac* + ca™.
Points P and P’ in the Argand diagram are represented by the complex numbers ab and %,
where b is a non-zero complex number. A circle in the Argand diagram has centre C and passes
through the point 4, and is such that OA is tangent to the circle. Show that the point P lies on
the circle if and only if point P’ lies on the circle.
Conversely, show that if the points represented by the complex numbers ab and % , for some

non-zero complex number b with bb™ # 1, both lie on a circle centre C in the Argand diagram
which passes through 4, then OA is a tangent to the circle.
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Section B: Mechanics
[STEP 3, 2005Q9]

Two particles, A and B, move without friction along a horizontal line which is perpendicular to
a vertical wall. The coefficient of restitution between the two particles is e and the coefficient
of restitution between particle B and the wall is also e, where 0 < e < 1. The mass of particle
A is 4em (with m > 0), and the mass of particle B is (1 — e?)m.

Initially, A is moving towards the wall with speed (1 — e)v (where v > 0) and B is moving
away from the wall and towards A with speed 2ev. The two particles collide at a distance d
from the wall. Find the speeds of A and B after the collision.

When B strikes the wall, it rebounds along the same line. Show that a second collision will take
place, at a distance de from the wall.

Deduce that further collisions will take place. Find the distance from the wall at which the nth
collision takes place, and show that the times between successive collisions are equal.

[STEP 3, 2005Q10]

Two thin discs, each of radius r and mass m, are held on a rough horizontal surface with their
mmg

12’
wrapped once round the discs, its straight sections being parallel. The contact between the

elastic band and the discs is smooth. The coefficient of friction between each disc and the

centres a distance 6r apart. A thin light elastic band, of natural length 2t and modulus is

horizontal surface is ¢, so that each disc experiences a force due to friction equal to umg,
whether the disc is at rest or sliding.

The discs are released simultaneously. If the discs collide, they rebound and a half of their total
kinetic energy is lost in the collision.

(i) Show that the discs start sliding, but come to rest before colliding, if and only ifg <u<l.

(ii) Show that, if the discs collide at least once, their total kinetic energy just before the first

collision is %mg (2 —3p).

(iii) Show that 1f% > u? > Py the discs come to rest exactly once after the first collision.
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[STEP 3, 2005Q11]

A horizontal spindle rotates freely in a fixed bearing. Three light rods are each attached by one
end to the spindle so that they rotate in vertical plane. A particle of mass m is fixed to the other
end of each of the three rods. The rods have lengths a, b and ¢, with a > b > c and the angle

between any pair of rods is gn. The angle between the rod of length a and the vertical axis is 6,

as shown in the diagram.

Find an expression for the energy of the system and show that, if the system is in equilibrium,
then

(b—c)3

tanf = — ,
oL 2a—b—c

Deduce that there are exactly two equilibrium positions and determine which of the two
equilibrium positions is stable.

Show that, for the system to make complete revolutions, it must pass through its position of
stable equilibrium with an angular velocity of at least

4gR
a? + b?% + c?’

where 2R? = (a — b)?> + (b — ¢)? + (c — a)?.



Section C: Probability and Statistics
[STEP 3, 2005Q12]

Five independent timers time a runner as she runs four laps of a track. Four of the timers
measure the individual lap times, the results of the measurements being the random variables
T, to T,, each of which has variance 62 and expectation equal to the true time for the lap. The
fifth timer measures the total time for the race, the result of the measurement being the random
variable T which has variance 2 and expectation equal to the true race time (which is equal
to the sum of the four true lap times).

Find a random variable X of the form aT + b(T; + T, + T3 + T,), where a and b are constants
independent of the true lap times, with the properties that:

(i) whatever the true lap times, the expectation of X is equal to the true race time,
(ii) the variance of X is as small as possible.

Find also a random variable Y of the form ¢T + d(T; + T, + T; + T,), where ¢ and d are
constants independent of the true lap times, with the property that, whatever the true lap times,
the expectation of Y2 is equal to 2.

In one particular race, T takes the value 220 seconds and (T; + T, + T3 + T,) takes the value
220.5 seconds. Use the random variables X and Y to estimate an interval in which true race
time lies.

[STEP 3, 2005Q13]

A pack of cards consists of n + 1 cards, which are printed with the integers from 0 to n. A game
consists of drawing cards repeatedly at random from the pack until the card printed with 0 is
drawn, at which point the game ends. After each draw, the player receives £1 if the card drawn
shows any of the integers from 1 to w inclusive but receives nothing if the card drawn shows
any of the integers from w + 1 to n inclusive.

(i) Inone version of the game, each card drawn is replaced immediately and randomly in the
pack. Explain clearly why the probability that the player wins a total of exactly £3 is equal
to the probability of the following event occurring: out of the first four cards drawn which
show numbers in the range 0 to w, the numbers on the first three are non-zero and the

number on the fourth is zero. Hence show that the probability that the player wins a total
3

. w
of exactly £3 is equal to D

Write down the probability that the player wins a total of exactly £r and hence find the
expected total win.

(ii) In another version of the game, each card drawn is removed from the pack. Show that the
expected total win in this version is half of the expected total win in the other version.

STEP 3 Past Paper 2005



[STEP 3, 2005Q14]
In this question, you may use the result

J‘°° t™ dr = m!(n —m)!
o (E+E)M2T T (n+ Dlnm+

where m and n are positive integers with n = m, and where k > 0.

The random variable IV has density function

Cka+1xa
f(x)=m (0 <x <),
where a is a positive integer. Show that C = Gar1)!
ala!

Show, by means of a suitable substitution, that

v xa [ee] ua
fo (x + k)2a+2 dx = fk_z (u + k)2a+2 du
v
and deduce that the median value of V is k. Find the expected value of V.

The random variable V represents the speed of randomly chosen gas molecule. The time taken

for such a particle to travel a fixed distance s is given by the random variable T = %
Show that
oo Cka+1xa

P(T<t)= s de ()
t

and hence find the density function of T. You may find it helpful to make the substitution u = %
in the integral (*).

Hence show that the product of the median time and the median speed is equal to the distance
s, but that the product of the expected time and the expected speed is greater than s.
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Section A: Pure Mathematics
[STEP 3, 2006Q1]
Sketch the curve with cartesian equation
_ 2x(x*—5)
x? —4
and give the equations of the asymptotes and of the tangent to the curve at the origin.
Hence determine the number of real roots of the following equations:
(1) 3x(x?-5)=(x?—-4)(x +3).
(i) 4x(x? —5) = (x2 — 4)(5x — 2).
(iii) 4x2(x? = 5)2 = (x?2 — 4)2(x% + 1).

[STEP 3, 2006Q2]

Let

Juny

1
[ - f?" cos? 6 40 and | = J‘i“ sec 6
~ J.1,1—sinfsin2a and = _1.1+4 tan? 6 cos? 2a
2 2

1
where 0 < a < ;T

1 1
(i) Showthat] = fzf "% _ 49 and hence that 2 = let -
2

T 1+sin @ sin2a —>m 1+tan2 6 cos? 2a

(i) FindJ.
(iii) By considering I sin? 2a + J cos? 2a, or otherwise, show that I = %‘l‘[ sec? a.

(iv) Evaluate [ in the case%n <a< %1‘[.
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[STEP 3, 2006Q3]

(i) Let
o o
tanx = z a,x™ and cotx = %+ z b, x™
n=0 n=0

for0 <x < %n. Explain why a,, = 0 for even n.

Prove the identity
cotx —tanx = 2 cot2x
and show that
a, = (1-2""1)p,.
(ii) Let cosecx = %+ Yo Cnx™ for 0 < x < %n. By considering cotx + tanx, or otherwise,
show that
cp =27 =1)b,,.
(iii) Show that
o 2 o 2
(1 +x2bnx”> +x?% = (1 +x20nx”> :
n=0 n=0

Deduce from this and the previous results that a; = 1, and find a;.

[STEP 3, 2006Q4]
The function f satisfies the identity

fO+f) =flx+y) Q)

for all x and y. Show that 2f(x) = f(2x) and deduce that f''(0) = 0. By considering the
Maclaurin Series for f (x), find the most general function that satisfies ().

[Do not consider issues of existence or convergence of Maclaurin series in this question.]

(i) By considering the function G, defined by In(g (x)) = G (x), find the most general function
that, for all x and y, satisfies the identity
gx)g(y) = glx + ).

(ii) By considering the function H, defined by h(e*) = H(u), find the most general function
that satisfies, for all positive x and y, the identity

h(x) + h(y) = h(xy).
(iii) Find the most general function t that, for all x and y, satisfies the identity

t(x) +t(y) = t(2),

X+
where z = 1—y
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[STEP 3, 2006Q5]

Show that the distinct complex numbers «, f and y represent the vertices of an equilateral
triangle (in clockwise or anti-clockwise order) if and only if

a’?+p%+y —By—ya—af =0.
Show that the roots of the equation
z3+az?+bz+c=0 (*)
represent the vertices of an equilateral triangle if and only if a? = 3b.

Under the transformation z = pw + q, where p and q are given complex numbers with p # 0,
the equation (*) becomes

w3+ Aw? + Bw + C = 0. (%)

Show that if the roots of equation (*) represent the vertices of an equilateral triangle, then the
roots of equation (*x) also represent the vertices of an equilateral triangle.

[STEP 3, 2006Q6]

Show that in polar coordinates the gradient of any curve at the point (r, 8) is

g—gtan9+r
g—g—rtanH

A mirror is designed so that if an incident ray of light is parallel to a fixed line L the reflected
ray passes through a fixed point O on L. Prove that the mirror intersects any plane containing
L in a parabola. You should assume that the angle between the incident ray and the normal to
the mirror is the same as the angle between the reflected ray and the normal.
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[STEP 3, 2006Q7]
(i) Solve the equation u? + 2u sinhx — 1 = 0 giving u in terms of x.

Find the solution of the differential equation

dy\*  _dy
(a) +2£smhx—1—0

that satisfies y = 0 and j—i’ >0atx =0.

(ii) Find the solution, not identically zero, of the differential equation

dy\2 dy

inh (—) +22

SIY ax dx

that satisfies y = 0 at x = 0, expressing your solution in the form coshy = f(x). Show
that the asymptotes to the solution curve are y = +(—x + In 4).

—sinhy =0

[STEP 3, 2006Q8]

A is an operation that takes polynomials in x to polynomials in x; that is, given any polynomial
h(x), there is a polynomial called Ah(x) which is obtained from h(x) using the rules that define

A. These rules are as follows:
(i) Ax=1
(i) A(f(x) + g(x)) = Af(x) + Ag(x) for any polynomials f(x) and g(x).
(iii) A(Af (x)) = AAf (x) for any constant A and any polynomial £ (x).
(iv) A(f ()9 () = F()Ag(x) + gGAS (x) for any polynomials £ (x) and g(x).

Using these rules show that, if f(x) is a polynomial of degree zero (that is, a constant), then
Af(x) = 0. Calculate Ax? and Ax3.

Prove that Ah(x) = d’;—;x) for any polynomial 2(x). You should make it clear whenever you use

one of the above rules in your proof.
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Section B: Mechanics
[STEP 3, 2006Q9]

A long, light, inextensible string passes through a small, smooth ring fixed at the point O. One
end of the string is attached to a particle P of mass m which hangs freely below 0. The other
end is attached to a bead, B, also of mass m, which is threaded on a smooth rigid wire fixed in
the same vertical plane as 0. The distance OB is r, the distance OH is h and the height of the
bead above the horizontal plane through O is y, as shown in the diagram.

H

The shape of the wire is such that the system can be in static equilibrium for all positions of the
bead. By considering potential energy, show that the equation of the wire is y + r = 2h.

The bead is initially at H. It is then projected along the wire with initial speed V. Show that, in
the subsequent motion,

P hr
rvrh — h?
where 6 is given by 8 = arcsin (%)
L
Hence show that the speed of the particle P is V (%)2 ;

[Note that arcsin @ is another notation for sin™1 6.]



[STEP 3, 2006Q10]

A disc rotates freely in a horizontal plane about a vertical axis through its centre. The moment
of inertia of the disc about this axis is mk? (where k > 0). Along one diameter is a smooth
narrow groove in which a particle of mass m slides freely. At time t = 0, the disc is rotating
with angular speed Q, and the particle is a distance a from the axis and is moving with speed V
along the groove, towards the axis, where k2V? = Q2a?(k? + a?).

Show that, at a later time t, while the particle is still moving towards the axis, the angular speed
w of the disc and the distance r of the particle from the axis are related by

_OQ(k? +a?) q (dr)z _ Q%r2(k* + a?)?
T k2412 an at) T kR + 1Y)
Deduce that
dr 1
= 2 AVA
k 0 r(k* 4+ r4)z,
where 8 is the angle through which the disc has turned by time ¢.

. _ k . . .
By making the substitution u = —~ or otherwise, show that r sinh(6 + a) = k, where sinha =

k . .
- Deduce that the particle never reaches the axis.

[STEP 3, 2006Q11]

A lift of mass M and its counterweight of mass M are connected by a light inextensible cable
which passes over a fixed frictionless pulley. The lift is constrained to move vertically between
smooth guides. The distance between the floor and the ceiling of the lift is h. Initially, the lift is
at rest, and the distance between the top of the lift and the pulley is greater than h. A small tile
of mass m becomes detached from the ceiling of the lift and falls to the floor of the lift. Show
that the speed of the tile just before the impact is

(2M —m)gh
~=

The coefficient of restitution between the tile and the floor of the lift is e. Given that the
magnitude of the impulsive force on the lift due to tension in the cable is equal to the magnitude
of the impulsive force on the counterweight due to tension in the cable, show that the loss of
energy of the system due to the impact is mgh(1 — e?). Comment on this result.

STEP 3 Past Paper 2006 7



Section C: Probability and Statistics
[STEP 3, 2006Q12]

Fifty times a year, 1024 tourists disembark from a cruise liner at a port. From there they must
travel to the city centre either by bus or by taxi. Tourists are equally likely to be directed to the
bus station or to the taxi rank. Each bus of the bus company holds 32 passengers, and the
company currently runs 15 buses. The company makes a profit of £1 for each passenger carried.
[t carries as many passengers as it can, with any excess being (eventually) transported by taxi.
Show that the largest annual licence fee, in pounds, that the company should consider paying
to be allowed to run an extra bus is approximately

1600D(2) 800 (1—-e7?)
——1—e
V2 ’

_ltz

where ®(x) = 2- dt.

1 X
Tt ®

[You should not consider continuity corrections.]

[STEP 3, 2006Q13]

Two points are chosen independently at random on the perimeter (including the diameter) of
a semicircle of unit radius. The area of the triangle whose vertices are these two points and the
midpoint of the diameter is denoted by the random variable A. Show that the expected value
of Ais (2 +m)~L.

[STEP 3, 2006Q14]

For any random variables X; and X, state the relationship between E(aX; + bX,) and E(X;)
and E(X,), where a and b are constants. If X; and X, are independent, state the relationship
between E(X; X;) and E(X;) and E(X5).

An industrial process produces rectangular plates. The length and the breadth of the plates are
modelled by independent random variables X; and X, with non-zero means y; and y, and
non-zero standard deviations ¢; and o, respectively. Using the results in the paragraph above,
and without quoting a formula for Var(aX; + bX,), find the means and standard deviations of
the perimeter P and area A of the plates. Show that P and A are not independent.

The random variable Z is defined by Z = P — aA, where « is a constant. Show that Z and A are
not independent if

2(u105 + ppof)
piof + uiof + ofo

a+ 5.

Given that X; and X, can each take values 1 and 3 only, and that they each take these values

with probability %, show that Z and A are not independent for any value of a.
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Section A: Pure Mathematics
[STEP 3, 2007Q1]

In this question, do not consider the special cases in which the denominators of any of your
expressions are zero.

Express tan(6; + 6, + 65 + 6,) in terms of t;, where t; = tan 8,, etc.
Given that tan 84, tan 6,, tan 85 and tan 6, are the four roots of the equation
at*+bt3 +ct?+dt+e=0
(where a # 0), find an expression in terms of a, b, ¢, d and e for tan(6; + 8, + 65 + 6,).
The four real numbers 64, 8,, 65 and 6, lie in the range 0 < 8; < 2m and satisfy the equation
pcos20 +cos(0 —a)+p =0,

where p and « are independent of 8. Show that 8; + 8, + 63 + 8, = nn for some integer n.

[STEP 3, 2007Q2]

() Showthat1.35.7....(2n — 1) = 2%

1., (Zn)'
Toax L@

(ii) By differentiating the above result, deduce that

(iii) Show that
Z 2n+1(2n)|
32" (n + 1)'n'

[STEP 3, 2007Q3]
A sequence of numbers, Fy, F,, ..., is defined by F; =1, F, = 1, and
F,=F,_1+F,_, forn = 3.
(i) Write down the values of F3, F,, ..., Fg.
(i) Prove that Fypy3Foue1 = Fixez = —Fars2Fak + Fiisr-

(iii) Prove by induction or otherwise that Fy,,1F,,_1 — F2, = 1 and deduce that F, + 1 is
divisible by F,,,41.

(iv) Prove that FZ,_; + 1 is divisible by F,,,;.
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[STEP 3, 2007Q4]

A curve is given parametrically by

1
X = a(cost +lntan§t>,

y =asint,
1 . . d
where 0 <t < P and a is a positive constant. Show that ﬁ = tan t and sketch the curve.

Let P be the point with parameter t and let Q be the point where the tangent to the curve at P
meets the x-axis. Show that PQ = a.

The radius of curvature, p, at P is defined by
@ +yoy
P~ gl
where the dots denote differentiation with respect to t. Show that p = a cott.

The point C lies on the normal to the curve at P, a distance p from P and above the curve. Show
that CQ is parallel to the y-axis.

[STEP 3, 2007Q5]

Let y = In(x? — 1), where x > 1, and let r and 6 be functions of x determined by r = Vx2 — 1
and coth 8 = x. Show that

dy 2cosh6 d?y 2 cosh 26
— = and —S=-—-———7>1—,
dx r dx? r2
3
and find an expression in terms of r and 6 for %.

. . .. dy .
Find, with proof, a similar formula for dx—i in terms of r and 6.

[STEP 3, 2007Q6]

The distinct points P, @, R and S in the Argand diagram lie on a circle of radius a centred at the
origin and are represented by the complex numbers p, g, r and s, respectively. Show that

N S
P —q
Deduce that, if the chords PQ and RS are perpendicular, then pg +rs = 0.

pq =

The distinct points A4, 45, ..., A, (where n = 3) lie on acircle. The points By, B5, ..., B, lie on the
same circle and are chosen so that the chords B;B,,B,B;,..., B,B; are perpendicular,
respectively, to the chords A;4,,4,A45, ...,A,A;. Show that, for n = 3, there are only two
choices of B; for which this is possible. What is the corresponding result for n = 4? State the
corresponding results for values of n greater than 4.
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[STEP 3, 2007Q7]

The functions s(x) (0 < x < 1) and t(x) (x = 0), and the real number p, are defined by

()—fx L g t()—Jx L4 —zjm L 4
S Vimae Nt ™ P Tt

For this question, do not evaluate any of the above integrals explicitly in terms of inverse
trigonometric functions or the number m.

(i) Use the substitution u = v~! to show that t(x) = ffoﬁdv. Hence evaluate t G) +t(x)
x

in terms of p and deduce that 2t(1) = %p.

1
Ja-y2)%
By making a substitution in the integral for t(x), show that

t(x)=s<\/%>.

. u . du
(ii) Lety = NEEeTER Express u in terms of y, and show thata =

Deduce that s (\/%) = %p.

u+
(iii) Let z =

L
V3
u
3

% i) V3 1

. Show that ¢t (\/§ = dz, and hence that 3t (i) = %p.

—_ 1 —
7 1+22 V3

[STEP 3, 2007Q8]
(i) Find functions a(x) and b(x) such that u = x and u = e™* both satisfy the equation
e b =0
2 a(x) P x)u = 0.

For these functions a(x) and b(x), write down the general solution of the equation.

il 1d .
Show that the substitution y = Eﬁ transforms the equation

dy x 1

— 4+ 3y2 —
dx+ % +1+xy 3(1+x)

()

into

d2u+ x du 1
dx? 1+4+xdx 1+x

and hence show that the solution of equation (*) that satisfies y = 0 at x = 0 is given by
1-e7*
3(x+e~x)

y =
(ii) Find the solution of the equation

dy ) x 1
E“’ +1—x

that satisfiesy = 2 atx = 0.

STEP 3 Past Paper 2007



Section B: Mechanics
[STEP 3, 2007Q9]

Two small beads, A and B, each of mass m, are threaded on a smooth horizontal circular hoop
of radius a and centre 0. The angle 0 is the acute angle determined by 260 = 2A0B.

The beads are connected by a light straight spring. The energy stored in the spring is
mk?a?(0 — a)?,
where k and « are constants satisfying k > 0 and% <a< g

The spring is held in compression with 8 = § and then released. Find the period of oscillations
in the two cases that arise according to the value of 8 and state the value of 8 for which
oscillations do not occur.

[STEP 3, 2007Q10]

A particle is projected from a point on a plane that is inclined at an angle ¢ to the horizontal.
The position of the particle at time t after it is projected is (x, y), where (0, 0) is the point of
projection, x measures distance up the line of greatest slope and y measures perpendicular
distance from the plane. Initially, the velocity of the particle is given by (x,y) =

(VcosB,VsinB), whereV >0and ¢ + 6 < g Write down expressions for x and y.

The particle bounces on the plane and returns along the same path to the point of projection.
Show that

2tan¢ptanf =1
and that
_ VZ%cos?6
2gsing’
where R is the range along the plane.
Show further that

2V2—3 ing +
IR = 3sin ¢ + cosec ¢

2

and deduce that the largest possible value of R is %g.
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[STEP 3, 2007Q11]

®

(i)

A wheel consists of a thin light circular rim attached by light spokes of length a to a small
hub of mass m. The wheel rolls without slipping on a rough horizontal table directly
towards a straight edge of the table. The plane of the wheel is vertical throughout the
motion. The speed of the wheel is u, where u? < ag.

Show that, after the wheel reaches the edge of the table and while it is still in contact with
the table, the frictional force on the wheel is zero. Show also that the hub will fall a vertical

2
. ag—u
distance 22

before the rim loses contact with the table.

Two particles, each of mass %, are attached to a light circular hoop of radius a, at the ends

of a diameter. The hoop rolls without slipping on a rough horizontal table directly towards
a straight edge of the table. The plane of the hoop is vertical throughout the motion. When
the centre of the hoop is vertically above the edge of the table it has speed u, where u? <
ag, and one particle is vertically above the other.

Show that, after the hoop reaches the edge of the table and while it is still in contact with
the table, the frictional force on the hoop is non-zero and deduce that the hoop will slip
before it loses contact with the table.



Section C: Probability and Statistics
[STEP 3, 2007Q12]

I choose a number from the integers 1, 2, ..., (2n — 1) and the outcome is the random variable
N. Calculate E(N) and E(N?).

I then repeat a certain experiment N times, the outcome of the ith experiment being the
random variable X; (1 < i < N). For each i, the random variable X; has mean u and variance
02, and X; is independent of X; for i # j and also independent of N. The random variable Y is

defined by Y = ¥V, X;.Show that E(Y) = nu and that Cov(Y,N) = %n(n - Du.

Find Var(Y) in terms of n, 62 and p.

[STEP 3, 2007Q13]

A frog jumps towards a large pond. Each jump takes the frog either 1 m or 2 m nearer to the

pond. The probability of a 1 m jump is p and the probability ofa 2 m jumps is g, where p + q =

1, the occurrence of long and short jumps being independent.

(i) Letp,(j) be the probability that the frog, starting at a point (n - %) m away from the edge
of the pond, lands in the pond for the first time on its jth jump. Show that p,(2) = p.

(ii) Letu, be the expected number of jumps, starting at a point (n - %) m away from the edge

of the pond, required to land in the pond for the first time. Write down the values of u;. By
finding first the relevant values of p, (m), calculate u, and show thatu; = 3 — 2q + q*

(iii) Given that u,, can be expressed in the form u,, = A(—q)™ ! + B + Cn, where 4, B and C
are constants (independent of n), show that C = (1 + q)~! and find 4 and B in terms of g.

Hence show that, for large n, u, = p-:l_Zq and explain carefully why this result is to be

expected.
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[STEP 3, 2007Q14]

®

(i)

My favourite dartboard is a disc of unit radius and centre 0. | never miss the board, and
the probability of my hitting any given area of the dartboard is proportional to the area.
Each throw is independent of any other throw. I throw a dart n times (wheren > 1). Find
the expected area of the smallest circle, with centre O, that encloses all the n holes made
by my dart.

Find also the expected area of the smallest circle, with centre O, that encloses all the
(n — 1) holes nearest to O.

My other dartboard is a square of side 2 units, with centre Q. I never miss the board, and
the probability of my hitting any given area of the dartboard is proportional to the area.
Each throw is independent of any other throw. I throw a dart n times (wheren > 1). Find
the expected area of the smallest square, with centre @, that encloses all the n holes made
by my dart.

(iii) Determine, without detailed calculations, whether the expected area of the smallest circle,

with centre Q, on my square dartboard that encloses all the n holes made by my darts is
larger or smaller than that for my circular dartboard.
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Section A: Pure Mathematics
[STEP 3, 2008Q1]

Find all values of a, b, x and y that satisfy the simultaneous equations

a+b=1

+b _1

ax +by =3
ax2+byz=l
5
ax3+by3=l
2

[Hint: you may wish to start by multiplying the second equation by x + y.]

[STEP 3, 2008Q2]

Let Si(n) = X", r*, where k is a positive integer, so that
1 1
Si(n) = En(n +1) and S,(n)= gn(n +1)(2n +1).

i) By considering ¥"_,[(r + 1)* — r¥], show that
Q) g Lir=0

k k k
KSiea@) = (ot DF = ot 1) = (1) S0 = (5) St ==, © )i )
Obtain simplified expressions for S3(n) and S,(n).

(ii) Explain, using (*), why S, (n) is a polynomial of degree k + 1 in n. Show that in this
polynomial the constant term is zero and the sum of the coefficients is 1.

[STEP 3, 2008Q3]

The point P(a cos 8, b sin 8), where a > b > 0, lies on the ellipse
X2 y?

§+ﬁ=1.

The point S(—ea, 0), where b? = a?(1 — e?), is a focus of the ellipse. The point N is the foot of
the perpendicular from the origin, O, to the tangent to the ellipse at P. The lines SP and ON
intersect at T. Show that the y-coordinate of T is

bsin@
1+ecosé

Show that T lies on the circle with centre S and radius a.
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[STEP 3, 2008Q4]

(i) Show, with the aid of a sketch, that y > tanh (%) for y > 0 and deduce that

x—1
arcoshx > for x>1. (%)
Vx? -1
. . . x—1
(ii) By integrating (*), show thatarcoshx > 2 Nrey forx > 1.
(iii) Show that arcosh x > 3 ii;l for x > 1.

[Note: arcosh x is another notation for cosh™! x.]

[STEP 3, 2008Q5]
The functions T,,(x), forn = 0,1, 2, ..., satisfy the recurrence relation
Th1(x) = 2xT,(x) + T (x) =0 (n = 1). ()
Show by induction that
2
(Th ()" = T () Tpa1 (%) = f(0),

where f(x) = (T1 (x))2 — To ()T, (x).

In the case f(x) =0, determine (with proof) an expression for T,,(x) in terms of T,(x)

(assumed to be non-zero) and r(x), where r(x) = :Eg Find the two possible expressions for
r(x) in terms of x.
[STEP 3, 2008Q6]
In this question, p denotes j—i’.
(i) Given that
y = p? + 2xp,
show by differentiating with respect to x that
dx 2x
T
Hence show thatx = — gp + Ap~?2, where A is an arbitrary constant.
Find y in terms of x if p = —3 when x = 2.
(ii) Given instead that
y=2xp+plnp,
and thatp = 1 whenx = — %, show that x = —%ln p— % and find y in terms of x.
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[STEP 3, 2008Q7]

The points A, B and C in the Argand diagram are the vertices of an equilateral triangle
described anticlockwise. Show that the complex numbers a, b and c representing A, B and C
satisfy

2¢ = (a+b) +iV3(b — a).

Find a similar relation in the case that A, B and C are the vertices of an equilateral triangle
described clockwise.

(i) The quadrilateral DEFG lies in the Argand diagram. Show that points P, Q, R and S can be
chosen so that PDE, QEF, RFG and SGD are equilateral triangles and PQRS is a
parallelogram.

(ii) The triangle LMN lies in the Argand diagram. Show that the centroids U, V and W of the
equilateral triangles drawn externally on the sides of LMN are the vertices of an
equilateral triangle.

[Note: The centroid of a triangle with vertices represented by the complex numbers x, y

and z is the point represented by % (x+y+2)]

[STEP 3, 2008Q8]

(i) The coefficients in the series
¥ 1 T\ d
——3x+6x +12x + 4 ax” +

satisfy a recurrence relation of the form a,,; + pa,, = 0. Write down the value of p.

By considering (1 + px)S, find an expression for the sum to infinity of S (assuming that it
exists). Find also an expression for the sum of the first n + 1 terms of S.

(ii) The coefficients in the series
T=2+48x+18x2+37x3+ -+ ax" + -

satisfy a recurrence relation of the form a,,, + pa,;; + qa,, = 0. Find an expression for
the sum to infinity of T (assuming that it exists). By expressing T in partial fractions, or
otherwise, find an expression for the sum of the firstn + 1 terms of T.
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Section B: Mechanics
[STEP 3, 2008Q9]

A particle of mass m is initially at rest on a rough horizontal surface. The particle experiences
a force mg sinmt, where t is time, acting in a fixed horizontal direction. The coefficient of
friction between the particle and the surface is u. Given that the particle starts to move first at
t = T,, state the relation between T, and p.

(i) For p = g, the particle comes to rest for the first time att = 1. Sketch the acceleration-
time graph for 0 < t < 1. Show that

1
1+ (1 —pud)z — pom + pg arcsinpy = 0.
(ii) For g = g sketch the acceleration-time graph for 0 < t < 3. Describe the motion of the

particle in this case and in the case u = 0.

[Note: arcsin x is another notation for sin™? x.]

[STEP 3, 2008Q10]

A long string consists of n short light strings joined together, each of natural length [ and
modulus of elasticity A. It hangs vertically at rest, suspended from one end. Each of the short
strings has a particle of mass m attached to its lower end. The short strings are numbered 1 to
n, the nth short string being at the top. By considering the tension in the rth short string,
determine the length of the long string. Find also the elastic energy stored in the long string.

A uniform heavy rope of mass M and natural length L, has modulus of elasticity A. The rope
hangs vertically at rest, suspended from one end. Show that the length, L, of the rope is given

by

Mg
L=Ly(1+==
°< +2,1)’

and find an expression in terms of L, Ly and A for the elastic energy stored in the rope.
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[STEP 3, 2008Q11]

A circular wheel of radius r has moment of inertia I about its axle, which is fixed in a horizontal
position. A light string is wrapped around the circumference of the wheel and a particle of mass
m hangs from the free end. The system is released from rest and the particle descends. The
string does not slip on the wheel.

As the particle descends, the wheel turns through n; revolutions, and the string then detaches
from the wheel. At this moment, the angular speed of the wheel is wy. The wheel then turns
through a further n, revolutions, in time T, before coming to rest. The couple on the wheel due
to resistance is constant.

Show that

—wo T =2

3 Wy n,
and

mgrn,T? — 4mmr?n2

4mn, (ng + ny)



Section C: Probability and Statistics
[STEP 3, 2008Q12]

Let X be a random variable with a Laplace distribution, so that its probability density function
is given by

f(x)=%e‘|x|, —o0 < x < oo, (%)

Sketch f(x). Show that its moment generating function My (@) is given by My(8) = (1 — 62)71
and hence find the variance of X.

A frog is jumping up and down, attempting to land on the same spot each time. In fact, in each
of n successive jumps he always lands on a fixed straight line but when he lands from the ith
jump (i = 1,2, ..., n) his displacement from the point from which he jumped is X; cm, where X;
has the distribution (*). His displacement from his starting point after n jumps is Ycm (so that
Y =Y, X;). Each jump is independent of the others.

Obtain the moment generating function for\/% and, by considering its logarithm, show that

. . | 1
this moment generating function tends to exp (E 92) asn — oo,

. 1 . . .
Given that exp (E 92) is the moment generating function of the standard Normal random

variable, estimate the least number of jumps such that there is a 5% chance that the frog lands
25 cm or more from his starting point.

[STEP 3, 2008Q13]

A box contains n pieces of string, each of which has two ends. I select two string ends at random
and tie them together. This creates either a ring (if the two ends are from the same string) or a
longer piece of string. I repeat the process of tying together string ends chosen at random until
there are none left.

Find the expected number of rings created at the first step and hence obtain an expression for
the expected number of rings created by the end of the process. Find also an expression for the
variance of the number of rings created.

Given thatIn20 =~ 3 and that 1 + % + - +% =~ Inn for large n, determine approximately the

expected number of rings created in the case n = 40 000.
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Section A: Pure Mathematics
[STEP 3, 2009Q1]

The points S, T, U and V have coordinates (s, ms), (t, mt), (u,nu) and (v, nv), respectively.
The lines SV and UT meet the line y = 0 at the points with coordinates (p,0) and (g, 0),
respectively. Show that

(m —n)sv
C oms—nv’

and write down a similar expression for g.

Given that S and T lie on the circle x? + (y — ¢)? = r2, find a quadratic equation satisfied by s
and by t, and hence determine st and s + t in terms of m, c and r.

Given that S, T, U and V lie on the above circle, show thatp + g = 0.

[STEP 3, 2009Q2]

(i) Lety =Y_oa,x", where the coefficients a,, are independent of x and are such that this
series and all others in this question converge. Show that

00
yl — Z nanx"_l,
n=1

and write down a similar expression for y'’.
Write out explicitly each of the three series as far as the term containing a;.
(ii) Itis given that y satisfies the differential equation
xy" =y +4x3y =0.

By substituting the series of part (i) into the differential equation and comparing
coefficients, show thata; = 0.

Show that, forn > 4.

4

= =)

and that, ifa, = 1 and a, = 0, then y = cos(x?).

Find the corresponding result when a; = 0 and a, = 1.



[STEP 3, 2009Q3]
The function f(t) is defined, for t # 0, by

f@® =

et — 1

(i) By expanding e!, show that ltirrg f(t) = 1. Find f'(t) and evaluate ltirr& f'@).

(ii) Show that f(t) + %t is an even function. [Note: A function g(t) is said to be evenif g(t) =
g(=t)]

(iii) Show with the aid of a sketch that e*(1 — t) < 1 and deduce that f'(t) # 0 for t # 0.
Sketch the graph of f(t).

[STEP 3, 2009Q4]

For any given (suitable) function f, the Laplace transform of f is the function F defined by
F(s) = J e StfF(t) dt (s > 0).
0
(i) Show that the Laplace transform of e Pt f(t), where b > 0, is F (s + b).

(ii) Show that the Laplace transform of f(at), where a > 0,is a™F G)

(iii) Show that the Laplace transform of f'(t) is sF(s) — f(0).

1
s2+1°

(iv) In the case f(t) = sint, show that F(s) =

Using only these four results, find the Laplace transform of e Pt cos qt, where p > 0 and g > 0.

[STEP 3, 2009Q5]
The numbers x, y and z satisfy

x+y+z=1
x2+y?+22=2
x3+y3+23=3.

Show that
1
yz+zx +xy = 5

Show also that x%y + x%z + y?z + y?x + z%x + z?y = —1, and hence that

1
xyz = .

LetS, = x™ + y™ + z™. Use the above results to find numbers a, b and c such that the relation
STL+1 = aSn + bSTL—l + CSTL—Z'
holds for all n.

K



[STEP 3, 2009Q6]
Show that |eiﬁ - ei“| =2 sin%(ﬁ —a) for0 < a < B < 2m. Hence show that
|el — elB|elY — eld] + [elf — ei? ||el® — eif| = [el® — ¥ ||elf — €id],
where0 < a < f <y <6 <2m

Interpret this result as a theorem about cyclic quadrilaterals.

[STEP 3, 2009Q7]
(i) The functions f;,,(x) are defined forn =0, 1, 2, ..., by

df,
and  foaa(0) = 220,

fox) =
Prove, forn > 1, that

(1 + 2 fre1() + 2(n + Dxfp(x) + n(n + D fy_1(x) = 0.
(ii) The functions P,(x) are defined forn = 0,1, 2, ..., by

Bu(x) = (14 x*)M 1 f(x).

Find expressions for Py(x), P;(x) and P, (x).

1+ x2

Prove, forn = 0, that

dp, (x)

Pra (1) = (1 +2%) =

+2(n+ 1xP,(x) =0,

and that P, (x) is a polynomial of degree n.

[STEP 3, 2009Q8]
Let m be a positive integer and let n be a non-negative integer.

(i) Use the result tlim e ™" = 0 to show that

—00

limx™(nx)" = 0.
x—0

By writing x* as e*"* show that

limx* =
x—0
(ii) Letl, = fol x™(Inx)™ dx. Show that
n+1
Inyr = _m +1'm

and hence evaluate I,,.

(iii) Show that

3 4

[lrarms- ) o (- -
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Section B: Mechanics
[STEP 3, 2009Q9]

A particle is projected under gravity from a point P and passes through a point Q. The angles
of the trajectory with the positive horizontal direction at P and at Q are 8 and ¢, respectively.
The angle of elevation of Q from P is a.

(i) Showthattan6 +tan¢ = 2tana.

(ii) Itis given that there is a second trajectory from P to Q with the same speed of projection.
The angles of this trajectory with the positive horizontal direction at P and at Q are 6’ and
¢', respectively. By considering a quadratic equation satisfied by tan 8, show that
tan(@ + 6') = —cota. Showalsothat 0 + 0’ =+ ¢ + ¢'.

[STEP 3, 2009Q10]

Alight spring is fixed at its lower end and its axis is vertical. When a certain particle P rests on
the top of the spring, the compression is d. When, instead, P is dropped onto the top of the
spring from a height h above it, the compression at time ¢t after P hits the top of the spring is x.
Obtain a second-order differential equation relating x and t for 0 < t < T, where T is the time
at which P first loses contact with the spring.

Find the solution of this equation in the form
x = A + B cos(wt) + C sin(wt),

where the constants 4, B, C and w are to be given in terms of d, g and h as appropriate.

j& /zh
T= |—|2m— 2arctan [— |.
g d

Show that
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[STEP 3, 2009Q11]

A comet in deep space picks up mass as it travels through a large stationary dust cloud. It is
subject to a gravitational force of magnitude Mf acting in the direction of its motion. When it
entered the cloud, the comet had mass M and speed V. After a time ¢, it has travelled a distance
x through the cloud, its mass is M(1 + bx), where b is a positive constant, and its speed is v.

(i) In the case when f = 0, write down an equation relating V, x, v and b. Hence find an
expression for x in terms of b, V and t.

(ii) Inthe case when f is a non-zero constant, use Newton’s second law in the form
force = rate of change of momentum
to show that

_ft+v
17_1+bx'

Hence find an expression for x in terms of b, V, f and t.

Show that it is possible, if b, V and f are suitably chosen, for the comet to move with
constant speed. Show also that, if the comet does not move with constant speed, its speed
tends to a constantas t — oo.



Section C: Probability and Statistics
[STEP 3, 2009Q12]

®

(i)

Albert tosses a fair coin k times, where k is a given positive integer. The number of heads
he gets is X;. He then tosses the coin X; times, getting X, heads. He then tosses the coin X,
times, geting X5 heads. The random variables X,, X5, ... are defined similarly. Write down
E(Xy).

By considering E(X,|X; = x;), or otherwise, show that E(X,) = %k.
Find )72 E(X}).

Bertha has k fair coins. She tosses the first coin until she gets a tail. The number of heads
she gets before the first tail is ¥;. She then tosses the second coin until she gets a tail and
the number of heads she gets with this coin before the first tail is Y,. The random variables
Y3, Y4, ..., Y are defined similarly,and Y = ¥¥_, v;.

Obtain the probability generating function of Y, and use it to find E(Y), Var(Y) and
P(Y =1).

[STEP 3, 2009Q13]

@

(i)

The point P lies on the circumference of a circle of unit radius and centre 0. The angle, 6,
between OP and the positive x-axis is a random variable, uniformly distributed on the
interval 0 < 6 < 2m. The cartesian coordinates of P with respect to O are (X,Y). Find the
probability density function for X, and calculate Var(X).

Show that X and Y are uncorrelated and discuss briefly whether they are independent.

The points P; (i = 1, 2, ..., n) are chosen independently on the circumference of the circle,
as in part (i), and have cartesian coordinates (X;, Y;). The point P has coordinates (X, Y),

where X =2¥™ X, and ¥ = 23", ;. Show that X and ¥ are uncorrelated.
n n

Show that, for large n, P <m < \/%) ~ 0.95.
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Section A: Pure Mathematics
[STEP 3, 2010Q1]
Let x4, X5, ..., X, and x,, .4 be any fixed real numbers. The numbers A and B are defined by

n n
Do B A
xk; _E (xk_ )’
k=1

k=1

A=

S|

and the numbers C and D are defined by

n+1 n+1
Tn4+1 Xtes T n+1 o '
k=1 k=1

(i) Express C in terms of 4, x;,,; and n.

(ii) Show that

(iii) Express D in terms of B, 4, x,,+1 and n.

Hence show that (n + 1)D > nB for all values of x,,,1, but that D < B if and only if

n+1)B n+1)B

In this question, a is a positive constant.

[STEP 3, 2010Q2]

(i) Express cosha in terms of exponentials.

By using partial fractions, prove that

! 1 a
f 5 dx = — .
o X“+2xcosha+1 2sinha

(ii) Find, expressing your answers in terms of hyperbolic functions,

« 1
d
-[1 X2+ 2xsinha— 1"

and

« 1
dx.
fo x*+ 2x2cosha+1
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[STEP 3, 2010Q3]

For any given positive integer n, a number a (which may be complex) is said to be a primitive
nth root of unity if a™ = 1 and there is no integer m such that 0 < m < nand a™ = 1. Write
down the two primitive 4th roots of unity.

Let C,,(x) be the polynomial such that the roots of the equation C,,(x) = 0 are the primitive nth
roots of unity, the coefficient of the highest power of x is one and the equation has no repeated
roots. Show that C,(x) = x? + 1.

(i) Find C;(x), Cy(x), C3(x), Cs(x) and Cg(x), giving your answers as unfactorised
polynomials.

ii) Find the value of n for which C,(x) = x* + 1.
(ii) n

(iii) Given that p is prime, find an expression for C,(x), giving your answer as an unfactorised
polynomial.

(iv) Prove that there are no positive integers g, 7 and s such that C, (x) = C,-(x)Cs(x).

[STEP 3, 2010Q4]

(i) The number a is a common root of the equations x> + ax + b=0and x?+cx+d =0
(that is, a satisfies both equations). Given that a # ¢, show that

b—d

a—c

a =

Hence, or otherwise, show that the equations have at least one common root if and only if
(b—d)?—-ab-d)(a—c)+bla—c)?>=0.
Does this result still hold if the condition a # c is not imposed?

(ii) Show that the equations x? + ax + b = 0 and x3 + (a + 1)x? + gx + r = 0 have at least
one common root if and only if

(b—1r)2—a(bb-7)(a+b—q)+bla+b—q)?*=0.

Hence, or otherwise, find the values of b for which the equations 2x%2 +5x + 2b = 0 and
2x3 4+ 7x% + 5x + 1 = 0 have at least one common root.

[STEP 3, 2010Q5]

The vertices A, B, C and D of a square have coordinates (0,0), (a,0), (a,a) and (0,a),
respectively. The points P and Q have coordinates (an, 0) and (0, am) respectively, where 0 <
m < n < 1.Theline CP produced meets DA produced at R and the line CQ produced meets BA
produced at S. The line PQ produced meets the line RS produced at T. Show that T4 is
perpendicular to AC.

Explain how, given a square of area a?, a square of area 2a? may be constructed using only a
straight-edge.

[Note: a straight-edge is a ruler with no markings on it; no measurements (and no use of
compasses) are allowed in the construction.]
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[STEP 3, 2010Q6]

The points P, Q and R lie on a sphere of unit radius centred at the origin, O, which is fixed.
Initially, P is at Py(1,0,0), Q is at Q¢(0,1,0) and R is at Ry (0,0, 1).

(i) The sphere is then rotated about the z-axis, so that the line OP turns directly towards the
positive y-axis through an angle ¢. The position of P after this rotation is denoted by P;.
Write down the coordinates of P;.

(ii) The sphere is now rotated about the line in the x-y plane perpendicular to OP;, so that the
line OP turns directly towards the positive z-axis through an angle A. The position of P
after this rotation is denoted by P,. Find the coordinates of P,. Find also the coordinates of
the points Q, and R,, which are the positions of Q and R after the two rotations.

(iii) The sphere is now rotated for a third time, so that P returns from P, to its original position
Py. During the rotation, P remains in the plane containing P,, P, and 0. Show that the angle
of this rotation, 9, satisfies

cos B = cos ¢ cos 4,

and find a vector in the direction of the axis about which this rotation takes place.

[STEP 3, 2010Q7]

Given that y = cos(m arcsin x), for |x| < 1, prove that

d’y  dy

1-x3)—-x—+m?y=0.
( ) dx? dx X

. .. . . d3y d?%y dy SN . . d*y d3y
Obtain a similar equation relating 7 a0z and i and a similar equation relating P and
d?y
dx?’

i i dn+2y dn+1y dny
Conjecture and prove a relation between ——-7, ——-= and ——.

Obtain the first three non-zero terms of the Maclaurin series for y. Show that, if m is an even
integer, cos mf may be written as a polynomial in sin 8 beginning

m?sin?8 m?(m? — 2?)sin* 0 1
S TR 41 o (|9| <§”)
State the degree of the polynomial.



[STEP 3, 2010Q8]
Given that P(x) = Q(x)R'(x) — Q' (x)R(x), write down an expression for
J P(x) dx
(@)

i) By choosing the function R(x) to be of the form a + bx + cx?, find
(i) By g

5x% —4x —3 q
(1+2x +3x2)2°%

Show that the choice of R(x) is not unique and, by comparing the two functions R(x)
corresponding to two different values of a, explain how the different choices are related.

(ii) Find the general solution of

d
(14 cosx + 25inx)£+ (sinx —2cosx)y =5—3cosx + 4sinx.
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Section B: Mechanics
[STEP 3, 2010Q9]

e a

The diagram shows two particles, P and Q, connected by a light inextensible string which
passes over a smooth block fixed to a horizontal table. The cross-section of the block is a
quarter circle with centre O, which is at the edge of the table, and radius a. The angle between
OP and the table is 8. The masses of P and Q are m and M, respectively, where m < M.

Initially, P is held at rest on the table and in contact with the block, Q is vertically above 0, and
the string is taut. Then P is released. Given that, in the subsequent motion, P remains in contact
with the block as 6 increases from 0 to %T[, find an expression, in terms of m, M, 6 and g, for

the normal reaction of the block on P and show that

m mw—1

M~ 3

[STEP 3, 2010Q10]

A small bead B, of mass m, slides without friction on a fixed horizontal ring of radius a. The
centre of the ring is at 0. The bead is attached by a light elastic string to a fixed point P in the
plane of the ring such that OP = b, where b > a. The natural length of the elastic string is c,
where ¢ < b — a, and its modulus of elasticity is 4. Show that the equation of motion of the
bead is

asin

¢ — 1) sin(6 + ¢),

- _/1(
ma¢ csin@
where 8 = 2BPO and ¢ = £BOP.

Given that 8 and ¢ are small, show that a(6 + ¢) = b8. Hence find the period of small
oscillations about the equilibrium position 8 = ¢ = 0.



[STEP 3, 2010Q11]

A bullet of mass m is fired horizontally with speed u into a wooden block of mass M at rest on
a horizontal surface. The coefficient of friction between the block and the surface is y. While
the bullet is moving through the block, it experiences a constant force of resistance to its
motion of magnitude R, where R > (M + m)ug. The bullet moves horizontally in the block and
does not emerge from the other side of the block.

(i) Show that the magnitude, a, of the deceleration of the bullet relative to the block while the
bullet is moving through the block is given by
R R—-(M+m)ug
=—+ :
m M

a

(ii) Show that the common speed, v, of the block and bullet when the bullet stops moving
through the block satisfies
_ Ru— (M +m)ugu

av = M .

(iii) Obtain an expression, in terms of u, v and a, for the distance moved by the block while the
bullet is moving through the block.

(iv) Show that the total distance moved by the block is

muv
2(M + m)ug’

Describe briefly what happens if R < (M + m)ug.
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Section C: Probability and Statistics
[STEP 3, 2010Q12]
The infinite series S is given by
S=1+Q+dr+Q+2d)r*+-+ A +nd)r™+--,
for [r| < 1. By considering S — rS, or otherwise, prove that

1 4 rd
1—-r (1-1r)?%

S =

Arthur and Boadicea shoot arrows at a target. The probability that an arrow shot by Arthur hits
the target is a; the probability that an arrow shot by Boadicea hits the target is b. Each shot is
independent of all others. Prove that the expected number of shots it takes Arthur to hit the

.1
target is —.
Arthur and Boadicea now have a contest. They take alternate shots, with Arthur going first. The

winner is the one who hits the target first. The probability that Arthur wins the contestis a and
the probability that Boadicea wins is 8. Show that

_a
“E1"av
wherea’ =1 —aand b’ =1 — b, and find .

Show that the expected number of shots in the contest is % + g.

[STEP 3, 2010Q13]

In this question, Corr(U, V) denotes the product moment correlation coefficient between the
random variables U and V, defined by

Cov(U,V)
v/ Var(U)Var(V) '

The independent random variables Z;, Z, and Z; each have expectation 0 and variance 1. What
is the value of Corr(Zy, Z;,)?

Corr(U,V) =

LetY; = Z; and let

1
Y, = p12Z1 + (1 = pip)2Z,,
where p,, is a given constant with —1 < p;, < 1. Find E(Y;), Var(Y;) and Corr(Y;, ).

Now let Y; = aZ; + bZ, + cZ;, where a, b and c are real constants and ¢ = 0. Given that
E(Y3) = 0, Var(Y;) = 1, Corr(Y;,Y3) = p;3 and Corr(Y;, Y3) = p,3, express a, b and c in terms
of p23, p13 and py,.

Given constants y; and g;, fori = 1,2 and 3, give expressions in terms of the Y;, for random
variables X; such that E(X;) = y;, Var(X;) = 67 and Corr(Xl-,Xj) = pyj-
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Section A: Pure Mathematics
[STEP 3, 2011Q1]

(i) Find the general solution of the differential equation

du <x+2) _0
dx \x+1 u=>e

(ii) Show that substituting y = ze™ (where z is a function of x) into the second order
differential equation

d’y  dy
(x+1)m+xa—y—0 (%)

leads to a first order differential equation for %. Find z and hence show that the general

solution of (*) is
y = Ax + Be™%,
where A and B are arbitrary constants.

(iii) Find the general solution of the differential equation

2

y dy
(x+1)dx2+xdx

y = (x+1)2.
[STEP 3, 2011Q2]
The polynomial f (x) is defined by
f(x) e xn + an_]_xn—l + W + a2x2 + alx + ao,

where n = 2 and the coefficients ay, ..., a,_; are integers, with ay # 0. Suppose that the

equation f(x) = 0 has a rational roots, where p and q are integers with no common factor
greater than 1, and g > 0. By considering g™ 1f (g), find the value of g and deduce that any
rational root of the equation f(x) = 0 must be an integer.
(i) Show that the nth root of 2 is irrational forn > 2.
(ii) Show that the cubic equation
x3—x+1=0
has no rational roots.

(iii) Show that the polynomial equation

x"=5x+7=0

has no rational roots forn > 2.

2 STEP 3 Past Paper 2011



[STEP 3, 2011Q3]
Show that, provided q? # 4p3, the polynomial
x3—3px+q (p#0,q+0)
can be written in the form
a(x —a)® +b(x — B)3,

where a and f are the roots of the quadratic equation pt? — qt + p?> = 0, and a and b are
constants which you should express in terms of ¢ and £.

Hence show that one solution of the equation x3 — 24x + 48 = O is

x = T
1-—23

2mi

and obtain similar expressions for the other two solutions in terms of w, where w = e’s".

Find also the roots of x3 — 3px + ¢ = 0 when p = r? and q = 2r3 for some non-zero constant
T.

[STEP 3, 2011Q4]

The following result applies to any function f which is continuous, has positive gradient and
satisfies f(0) = 0:

a b
ab SJO f(x) dx+f0 f~i(y)dy, ()

where f ! denotes the inverse function of f,anda = 0 and b > 0.

(i) By considering the graph of y = f(x), explain briefly why the inequality (*) holds.
In the case a > 0 and b > 0, state a condition on a and b under which equality holds.

(ii) By taking f(x) = xP~1in (*), where p > 1, show that if% + % = 1 then

a? b1
ab < —+ —.
q

Verify that equality holds under the condition you stated above.

(iii) Show that, for 0 < a < %‘l‘[ and0<bh <1,

ab < barcsinb ++/1— b2 —cosa.

Deduce that, fort > 1,

arcsin(t™1) >t —t2 — 1.
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[STEP 3, 2011Q5]

A movable point P has cartesian coordinates (x, y), where x and y are functions of t. The polar
coordinates of P with respect to the origin O are r and 6. Starting with the expression

1
Efrzde

for the area swept out by OP, obtain the equivalent expression

g r@a ©

The ends of a thin straight rod AB lie on a closed convex curve C. The point P on the rod is a
fixed distance a from A and a fixed distance b from B. The angle between AB and the positive
x direction is t. As A and B move anticlockwise round C, the angle t increases from 0 to 2 and
P traces a closed convex curve D inside C, with the origin O lying inside D, as shown in the
diagram.

Let (x, y) be the coordinates of P. Write down the coordinates of A and B in terms of a, b, x, y
and t.

The areas swept out by OA, OB and OP are denoted by [A], [B] and [P], respectively. Show,
using (*), that

[4] = [P] + ma? — af

where

[+ Dycose+ (v~ D)sine | ar
f—20 x T cos y T sin .

Obtain a corresponding expression for [B] involving b. Hence show that the area between the
curves C and D is mab.



[STEP 3, 2011Q6]
The definite integrals T, U, V and X are defined by

1
T_fiartanhtdt U—Jlm u q
St ' ~ )i, 2sinhu “

3

1 1
7 lnv 7in3
V= —fl dv X = J1 In(coth x) dx.

1 1—-v2" " 1
3 2ln2

Show, without evaluating any of them, that T, U, V and X are all equal.

[STEP 3, 2011Q7]

Let

n
T,=(a+1++Va),
where n is a positive integer and a is any given positive integer.

(i) Inthe case when n is even, show by induction that T,, can be written in the form

A, + BpyJala+ 1),

where 4, and B, are integers (depending on a and n) and 43 = a(a + 1)BZ + 1.

(ii) In the case when n is odd, show by considering (Va +1+ \/E)Tm where m is even, or
otherwise, that T;, can be written in the form

C,Na+1+DyVa,
where C, and D,, are integers (depending on a and n) and (a + 1)C2 = aD? + 1.

(iii) Deduce that, for each n, T,, can be written as the sum of the square roots of two consecutive
integers.

[STEP 3, 2011Q8]
The complex numbers z and w are related by
_1+4iz
itz

Letz = x +iyand w = u + iv, where x, y, u and v are real. Express u and v in terms of x and

y.

(i) Bysettingx = tan (g), or otherwise, show thatif the locus of z isthe real axis y = 0, —o0 <
x < oo, then the locus of w is the circle u? + v? = 1 with one point omitted.

(ii) Find the locus of w when the locus of z is the line segmenty = 0, -1 < x < 1.

(iii) Find the locus of w when the locus of z is the line segmentx = 0, -1 <y < 1.

(iv) Find the locus of w when the locus of z is the liney = 1, —00 < x < o0,
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Section B: Mechanics
[STEP 3, 2011Q9]

Particles P and Q have masses 3m and 4m, respectively. They lie on the outer curved surface
of a smooth circular cylinder of radius a which is fixed with its axis horizontal. They are
connected by a light inextensible string of length %na, which passes over the surface of the
cylinder. The particles and the string all lie in a vertical plane perpendicular to the axis of the
cylinder, and the axis intersects this plane at 0. Initially, the particles are in equilibrium.

Equilibrium is slightly disturbed and Q begins to move downwards. Show that while the two
particles are still in contact with the cylinder the angle 8 between OQ and the vertical satisfies

7a6?% + 8g cos@ + 6gsin@ = 10g.

(i) Given that Q loses contact with the cylinder first, show that it does so when 6 = 8, where
B satisfies

15cosf + 6sinf = 10.

(ii) Show also that while P and Q are still in contact with the cylinder the tension in the string

is gmg(sin 6 + cosh).

[STEP 3, 2011Q10]

Particles P and Q, each of mass m, lie initially at rest a distance a apart on a smooth horizontal
plane. They are connected by a light elastic string of natural length a and modulus of elasticity

1 A
Emaa)z, where w is a constant.

Then P receives an impulse which gives it a velocity u directly away from Q. Show that when
the string next returns to length a, the particles have travelled a distance %Z—u, and find the

speed of each particle.

Find also the total time between the impulse and the subsequent collision of the particles.



[STEP 3, 2011Q11]

A thin uniform circular disc of radius a and mass m is held in equilibrium in a horizontal plane
a distance b below a horizontal ceiling, where b > 2a. It is held in this way by n light
inextensible vertical strings, each of length b; one end of each string is attached to the edge of
the disc and the other end is attached to a point on the ceiling. The strings are equally spaced
around the edge of the disc. One of the strings is attached to the point P on the disc which has
coordinates (a, 0, —b) with respect to cartesian axes with origin on the ceiling directly above
the centre of the disc.

The disc is then rotated through an angle 8 (where 6 < m) about its vertical axis of symmetry
and held at rest by a couple acting in the plane of the disc. Show that the string attached to P
now makes an angle ¢ with the vertical, where

1
bsing = 2a sinEH.

Show further that the magnitude of the couple is

mga? sin 6

Jbz —4q? sinz%e

The disc is now released from rest. Show that its angular speed, w, when the strings are vertical
is given by
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Section C: Probability and Statistics
[STEP 3, 2011Q12]

The random variable N takes positive integer values and has pgf (probability generating
function) G (t). The random variables X;, where i = 1, 2, 3, ..., are independently and identically
distributed, each with pgf H(t). The random variables X; are also independent of N. The
random variable Y is defined by

Yzle

L

Given that the pgfof Y is G(H(t)), show that

N
=1

E(Y) = E(N)E(X;) and Var(Y)= Var(N)(E(Xl-))z + E(N)Var(X;).

A fair coin is tossed until a head occurs. The total number of tosses is N. The coin is then tossed
a further N times and the total number of heads in these N tosses is Y. Find in this particular
case the pgf of Y, E(Y), Var(Y) and P(Y = ).

[STEP 3, 2011Q13]

In this question, the notation | x| denotes the greatest integer less than or equal to x, so for
example [t] = 3 and [3] = 3.

(i) Abagcontains n balls, of which b are black. A sample of k balls is drawn, one after another,
at random with replacement. The random variable X denotes the number of black ballsin
the sample. By considering

PX=r+1)
PX=r) "’
show that, in the case that it is unique, the most probable number of black balls in the
sample is
(k+1)b
- .

Under what circumstances is the answer not unique?

(ii) A bag contains n balls, of which b are black. A sample of k balls (where k < b) is drawn,
one after another, at random without replacement. Find, in the case that it is unique, the
most probable number of black balls in the sample.

Under what circumstances is the answer not unique?
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Section A: Pure Mathematics
[STEP 3, 2012Q1]

. dy\2
Given that z = y" (é) , show that

dz dy [ /dy\? d?y
9z _ 1Y hd il
ax 7 dx <n <dx) +2y dx2)

(i) Use the above result to show that the solution to the equation

dy 2 d?y
(&) toge=y  0>0

2
3

that satisfies y = 1 and e Owhenx =0isy = (8x + 1) .
(ii) Find the solution to the equation

dy\?  d2
& o

ax) "V a?

that satisfies y = 1 and g—z = 0whenx = 0.

[STEP 3, 2012Q2]
In this question, |x| < 1 and you may ignore issues of convergence.
(i) Simplify
A-x)A+0)A+x)A+2H - (1+x2),

where n is a positive integer, and deduce that

n+1
ﬁ =1 +0A+x)A+x) - (1+x7) + ’162_ —
Deduce further that
In(1—x) =— Z In(1+x%"),
=0
and hence that
11 N 2x N 4x3 o
1-x 1+4+x 1+x%2 1+4+x*
(ii) Show that
1+ 2x 1-—2x 2x — 4x3 4x3 — 8x7

= + +
1+x+x%2 1—x+x%2 1—x24+x* 1—x*+x8
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[STEP 3, 2012Q3]
It is given that the two curves
y=4—x% and mx=k—y?
where m > 0, touch exactly once.

(i) In each of the following four cases, sketch the two curves on a single diagram, noting the
coordinates of any intersections with the axes:

(@) k<O0.
(b) 0<k <16 <2.

k
(© k>16,—>2.

k
) k>16—-<2.

(i) Nowsetm = 12.
Show that the x-coordinate of any point at which the two curves meet satisfies
x*—8x2+12x+16—k = 0.
Let a be the value of x at the point where the curves touch. Show that a satisfies
a®—4a+3=0
and hence find the three possible values of a.
Derive also the equation
k = —4a® + 9a + 16.

Which of the four sketches in part (i) arise?

[STEP 3, 2012Q4]
(i) Show that

and

= n+1)2
Z =5e—1.

(2n 1)3

Sum the series Y;—q

(n2+1)27™

(niD(ns2y 81VINg your answer in terms of natural logarithms.

(ii) Sum the series Yo,
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[STEP 3, 2012Q5]

®

(i)

The point with coordinates (a, b), where a and b are rational numbers, is called:
an integer rational pointif both a and b are integers,
a non-integer rational pointif neither a nor b is an integer.

(a) Write down an integer rational point and a non-integer rational point on the circle
x2+y2=1.

(b) Write down an integer rational point on the circle x? + y? = 2. Simplify
(cos6 + Vmsin 9)2 + (sin@ — Vmcos 9)2
and hence obtain a non-integer rational point on the circle x? + y? = 2.

The point with coordinates (p + \/fq, r+ \/fs), where p, g, r and s are rational numbers,
is called:

an integer 2-rational pointif all of p, q, r and s are integers,
a non-integer 2-rational pointif none of p, q, r and s is an integer.

(a) Write down an integer 2-rational point, and obtain a non-integer 2-rational point, on
the circle x2 + y? = 3.

(b) Obtain a non-integer 2-rational point on the circle x? + y? = 11.

¢) Obtain a non-integer 2-rational point on the hyperbola x? — y? = 7.
g p yp y

[STEP 3, 2012Q8]

Let x + iy be aroot of the quadratic equation z? + pz + 1 = 0, where p is a real number. Show
that x2 — y? + px + 1 = 0 and (2x + p)y = 0. Show further that

. *+1)
eitherp = —2x or p = A\ with x # 0.

Hence show that the set of points in the Argand diagram that can (as p varies) represent roots
of the quadratic equation consists of the real axis with one point missing and a circle. This set
of points is called the root locus of the quadratic equation.

Obtain and sketch in the Argand diagram the root locus of the equation

pzZ+z+1=0

and the root locus of the equation

pz? +p?z+2=0.



[STEP 3, 2012Q7]

A pain-killing drug is injected into the bloodstream. It then diffuses into the brain, where it is
absorbed. The quantities at time t of the drug in the blood and the brain respectively are y(t)
and z(t). These satisfy

y=—2(y—Z), 2=—)7—3Z,
where the dot denotes differentiation with respect to t.

Obtain a second order differential equation for y and hence derive the solution

1
y = Ae”t + Be™t, zZ= EAe‘t — 2Be %t

where A and B are arbitrary constants.

(i) Obtain the solution that satisfies z(0) = 0 and y(0) = 5. The quantity of the drug in the
brain for this solution is denoted by z; (t).

(ii) Obtain the solution that satisfies z(0) = z(1) = ¢, where ¢ is a given constant. The
quantity of the drug in the brain for this solution is denoted by z,(t).

(iii) Show thatfor0 <t < 1,

0

n®= ) n-n),

n=—oo

provided c takes a particular value that you should find.

[STEP 3, 2012Q8]
The sequence Fy, F;, F,, ... is defined by F; = 0, F; = 1 and, forn = 0,
Frny2 = Fpyr + By
(i) Show that FyF; — F,F, = F,F; — F3F,.
(ii) Find the values of E,F,, 43 — F,,+1F4 in the two cases that arise.
(iii) Prove that, forr = 1,2,3, ...,

1
arctan (—) = arctan (
F. 2r

=)
arctan
F2r+1 F2r+2

and hence evaluate the following sum (which you may assume converges):

i t ( 1 )
arctan .
- F2r+1
r=1
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Section B: Mechanics
[STEP 3, 2012Q9]

A pulley consists of a disc of radius r with centre O and a light thin axle through O
perpendicular to the plane of the disc. The disc is non-uniform, its mass is M and its centre of
mass is at 0. The axle is fixed and horizontal.

Two particles, of masses m; and m, where m; > m,, are connected by a light inextensible
string which passes over the pulley. The contact between the string and the pulley is rough
enough to prevent the string sliding. The pulley turns and the vertical force on the axle is found,
by measurement, to be P + Mg.

(i) The moment of inertia of the pulley about its axle is calculated assuming that the pulley
rotates without friction about its axle. Show that the calculated value is

((my + my)P — 4mym,g)r?

(*)

(my +my)g — P

(ii) Instead, the moment of inertia of the pulley about its axle is calculated assuming that a

couple of magnitude C due to friction acts on the axle of the pulley. Determine whether
this calculated value is greater or smaller than (x).

Show that € < (my; — my)rg.

[STEP 3, 2012Q10]

A small ring of mass m is free to slide without friction on a hoop of radius a. The hoop is fixed
in a vertical plane. The ring is connected by a light elastic string of natural length a to the
highest point of the hoop. The ring is initially at rest at the lowest point of the hoop and is then
slightly displaced. In the subsequent motion the angle of the string to the downward vertical is
¢. Given that the ring first comes to rest just as the string becomes slack, find an expression for
the modulus of elasticity of the string in terms of m and g.

Show that, throughout the motion, the magnitude R of the reaction between the ring and the
hoop is given by

R = (12cos?¢p — 15cos ¢ + 5)mg

and that R is non-zero throughout the motion.



[STEP 3, 2012Q11]

One end of a thin heavy uniform inextensible perfectly flexible rope of length 2L and mass 2M
is attached to a fixed point P. A particle of mass m is attached to the other end. Initially, the
particle is held at P and the rope hangs vertically in a loop below P. The particle is then
released so that it and a section of the rope (of decreasing length) fall vertically as shown in
the diagram.

P

L+ %:r

v

You may assume that each point on the moving section of the rope falls at the same speed as
the particle. Given that energy is conserved, show that, when the particle has fallen a distance
x (where x < 2L), its speed v is given by

4

mL+ML—%Mx

5 2gx (mL + ML —lMx)
v = .

Hence show that the acceleration of the particle is

X, Mgx (mL + ML ;%M:)
2(mL + ML — 5 Mx)

Deduce that the acceleration of the particle after it is released is greater than g.
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Section C: Probability and Statistics
[STEP 3, 2012Q12]

(i) Apoint P lies in an equilateral triangle ABC of height 1. The perpendicular distances from
P to the sides AB, BC and CA are x4, x, and x3, respectively. By considering the areas of
triangles with one vertex at P, show that x; + x, + x3 = 1.

Suppose now that P is placed at random in the equilateral triangle (so that the probability
of it lying in any given region of the triangle is proportional to the area of that region). The
perpendicular distances from P to the sides AB, BC and CA are random variables X;, X,
and X3, respectively. In the case X; = min(X;, X5, X3), give a sketch showing the region of
the triangle in which P lies.

Let X = min(X;, X5, X3). Show that the probability density function for X is given by

1

_ <y <_

f(X)z 6(1 33(,') 0_x_3,
0 otherwise.

Find the expected value of X.

(ii) A pointis chosen at random in a regular tetrahedron of height 1. Find the expected value
of the distance from the point to the closest face.

[The volume of a tetrahedron is g X area of base X heightand its centroid is a distance

% X height from the base.]

[STEP 3, 2012Q13]

(i) The random variable Z has a Normal distribution with mean 0 and variance 1. Show that
the expectation of Z given thata < Z < b is

o (-et) e (-1
VZr(@(b) — ©(a))

where @ denotes the cumulative distribution function for Z.

(ii) The random variable X has a Normal distribution with mean u and variance 2. Show that

E(X|X > 0) = u + oE (Z|Z > —%)
Hence, or otherwise, show that the expectation, m, of | X| is given by

[ 1>
_ u 2 FH
m—,u<1—2<l>(—;)>+a Eexp 57 |

Obtain an expression for the variance of |X| in terms of u, o and m.
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Section A: Pure Mathematics
[STEP 3, 2013Q1]

. 1 at 1 . 2t
Given that t = tan=x, show that— = = (1 + t2?) and sinx = :
2 dx ~ 2 1+t2

Hence show that

1

Fﬁ ! dx = 2 t 1-a (0<a<1)
o l+asinx x—w/l_azarcand_l{_a a '

Let
1
| _fi“ sin™ x q (>0
")y 2+sinx X n=u

By considering I,,, 1 + 21, or otherwise, evaluate I5.

[STEP 3, 2013Q2]

In this question, you may ignore questions of convergence.

__arcsinx

Lety = N Show that

dy
1-x3)—-xy—1=0
(A =x) - —xy
and prove that, for any positive integer n,

n+2 n+1 n

y d*y

2 2 —
(1—x )W—(2n+3)xm—(n+1) dx—n— 0.
Hence obtain the Maclaurin series for aj%c, giving the general term for odd and for even
powers of x.
Evaluate the infinite sum
1_{_1_{_22 22 x 32 22x3%2x--xn?
3! 5! 7! (2n+1)!



[STEP 3, 2013Q3]

The four vertices P; (i = 1, 2, 3,4) of a regular tetrahedron lie on the surface of a sphere with
centre at O and of radius 1. The position vector of P; with respect to O is p;(i = 1, 2, 3, 4). Use

the fact that p; + p, + p3 + p4 = 0 to show that p;.p; = —éfori *J.

Let X be any point on the surface of the sphere, and let X P; denote the length of the line joining
Xand P; (i = 1,2,3,4).

(i) By writing (XP;)? as (p; — X). (p; — X), where x is the position vector of X with respect to

0, show that
4
Z(XPL-)Z -8,
i=1

(ii) Given that P; has coordinates (0,0,1) and that the coordinates of P, are of the form

(a,0,b), where a > 0, show thata = iiand b= —l, and find the coordinates of P; and
3 3

P,.
(iii) Show that

4 4
;(XPL-)‘* = 4;(1 ~xp)>

By letting the coordinates of X be (x, y, z), show further that Y}, (XP,)* is independent of
the position of X.

[STEP 3, 2013Q4]
Show that (z - eie)(z - e‘ie) =z%—2zcos6 + 1.

Write down the (2n)th roots of —1 in the form ei?, where —m < 6 < 1, and deduce that

n

7z 4+ 1= 1_[ <22 — 2z cos <$> + 1).

k=1
Here, n is a positive integer, and the Il notation denotes the product.

(i) By substituting z = i show that, when n is even,

T 3n 5n 2Zn—1 1
cos (ﬂ) cos <%) cos (%) -+ COS <%> = (-D2"2t ™

(ii) Show that, when n is odd,

2 (T 2(3_“) 2(5_“> (=DM g
COS (Zn)COS m COS n COS m n2 .

You may use without proof the fact that 1+ z2" = (1 +z2)(1 — 2% + z* — --- + z2"72)
when n is odd.

K



[STEP 3, 2013Q5]

In this question, you may assume that, if @, b and c are positive integers such that a and b are
coprime and a divides bc, then a divides c. (Two positive integers are said to be coprime if
their highest common factor is 1.)

(i) Suppose that there are positive integers p, g, n and N such that p and q are coprime and
q"N = p". Show that N = kp™ for some positive integer k and deduce the value of q.

Hence prove that, for any positive integers n and N, YN is either a positive integer or
irrational.

(ii) Suppose that there are positive integers a, b, c and d such that a and b are coprime and ¢
and d are coprime, and a®d? = b%c?. Prove that d” = b and deduce that, if p is a prime
factor of d, then p is also a prime factor of b.

If p™ and p™ are the highest powers of the prime number p that divide d and b,
respectively, express b in terms of a, m and n and hence show that p™ < n. Deduce the
value of b. (You may assume thatif x > 0 and y = 2 then y* > x.)

Hence prove that, if r is a positive rational number such that r” is rational, then r is a
positive integer.

[STEP 3, 2013Q6]
Let z and w be complex numbers. Use a diagram to show that |z — w| < |z| + |w|.
For any complex numbers z and w, E is defined by
E =zw* + z*w + 2|zw]|.
(i) Show that |z — w|? = (|z| + |w|)? — E, and deduce that E is real and non-negative.
(ii) Show that |1 —zw*|? = (1 + |zw|)? — E.
Hence show that, if both |z| > 1 and |w| > 1, then

lz—wl| _|z| + |w]|
[1—zw*| =~ 1+ |zw|

Does this inequality also hold if both |z| < 1 and |[w| < 1?
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[STEP 3, 2013Q7]

(i) Lety(x) be a solution of the differential equatlon + y3 =0withy =1 and —=0at
x = 0,and let

dy 21
E(x) =|— —y*,
() (dx) +2y

Show by differentiation that E is constant and deduce that |y(x)| < 1 for all x.

2
(ii) Let v(x) be a solution of the differential equation % + xg—z +sinhv =0 withv =1n3
andﬂ =0atx = 0,and let
dx
2

dv
E(x) = (—) + 2 coshwv.
dx

Show thatj—i < 0 for x = 0 and deduce that cosh v(x) < gfor x = 0.

(iii) Let w(x) be a solution of the differential equation
2
oz >+ (5 coshx — 4sinhx — )— + (wcoshw + 2sinhw) =0

1

Withj—x = \/_andw = 0 at x = 0. Show that coshw(x) <= forx > 0.
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[STEP 3, 2013Q8]

Evaluate "2} e21(a+ ) where a is a fixed angle and n > 2.

The fixed point O is a distance d from a fixed line D. For any point P, let s be the distance from
P to D and let r be the distance from P to 0. Write down an expression for s in terms ofd, r
and the angle 6, where 6 is as shown in the diagram below.

D
E

The curve E shown in the diagram is such that, for any point P on E, the relation r = ks holds,
where k is a fixed number with 0 < k < 1.

Each of the n lines L4, ..., L, passes through O and the angle between adjacent lines is g The

line L; (j = 1, ...,n) intersects E in two points forming a chord of length ;. Show that, forn =

2,
i 1 (2 kZ)n
I



Section B: Mechanics
[STEP 3, 2013Q9]

A sphere of radius R and uniform density p; is floating in a large tank of liquid of uniform
density p. Given that the centre of the sphere is a distance x above the level of the liquid, where
x < R, show that the volume of liquid displaced is

T
§(2R3 —3R?%x + x3).

The sphere is acted upon by two forces only: its weight and an upward force equal in magnitude
to the weight of the liquid it has displaced. Show that

4R3ps(g + %) = (2R® — 3R*x + x3)pg.

Given that the sphere is in equilibrium when x = %R, find pg in terms of p. Find, in terms of R

and g, the period of small oscillations about this equilibrium position.

[STEP 3, 2013Q10]

A uniform rod AB has mass M and length 2a. The point P lies on the rod a distance a — x from
A. Show that the moment of inertia of the rod about an axis through P and perpendicular to the
rod is

1
§M(a2 + 3x2).

The rod is free to rotate, in a horizontal plane, about a fixed vertical axis through P. Initially the
rod is at rest. The end B is struck by a particle of mass m moving horizontally with speed u in
a direction perpendicular to the rod. The coefficient of restitution between the rod and the
particle is e. Show that the angular velocity of the rod immediately after impact is

3mu(1+e)(a+x)
M(a? + 3x2) + 3m(a + x)?

In the case m = 2M, find the value of x for which the angular velocity is greatest and show that

this angular velocity is u(1a+e).
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[STEP 3, 2013Q11]

An equilateral triangle, comprising three light rods each of length v3a, has a particle of mass
m attached to each of'its vertices. The triangle is suspended horizontally from a point vertically
above its centre by three identical springs, so that the springs and rods form a tetrahedron.
Each spring has natural length a and modulus of elasticity kmg, and is light. Show that when
the springs make an angle 8 with the horizontal the tension in each spring is

kmg(1 — cos8)
cosf '

Given that the triangle is in equilibrium when 6 = %n, show that k = 4v/3 + 6.

. : . : 1 .
The triangle is released from rest from the position at which 6 = 3T Show that when it passes

through the equilibrium position its speed I satisfies

4
V2 =%(6+x/§).



Section C: Probability and Statistics
[STEP 3, 2013Q12]

A list consists only of letters A and B arranged in a row. In the list, there are a letter As and b
letter Bs, where a = 2 and b = 2, and a + b = n. Each possible ordering of the letters is
equally probable. The random variable X; is defined by

1 ifthe first letter in the row is 4;

1= {0 otherwise.
The random variables X, (2 < k < n) are defined by

1 ifthe (k — 1)th letter is B and the kth is A;

X, =
k {0 otherwise.

The random variable S is defined by S = Y71, X;.

(i) Find expressions for E(X;), distinguishing between the casesi = 1and i # 1, and show
that E(S) = abt1)

(ii) Show that:

. _a(a-1)b
(a) forj =3, E(X1Xj) T nm-Dn-2)

—2 __a(a-1)b(b-1)
() TP (i B(XiX)) = =50

a(a—1)b(b+1)

(c) Var(S) = D)



[STEP 3, 2013Q13]

(i) The continuous random variable X satisfies 0 < X <1, and has probability density
function f(x) and cumulative distribution function F(x). The greatest value of f(x) is M,
sothat0 < f(x) < M.

(@) Showthat0 < F(x) < Mxfor0 <x < 1.

(b) For any function g(x), show that

1 1
, 2
f 2g(x)F(x)f(x)dx = g(1) —f g' ) (F(x)” dx.
0 0
(ii) The continuous random variable Y satisfies 0 <Y <1, and has probability density
function kF (y)f(y), where f and F are as above.
(a) Determine the value of the constant k.

(b) Show that

nM nM n
1 to Tt TS E(Y") < 2Mupyq,
where p,,; = E(X"*) andn > 0.

(c) Hence show that, forn > 1,

- n n—1
M"_(n+1)M n+1
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Section A: Pure Mathematics
[STEP 3, 2014Q1]
Let a, b and ¢ be real numbers such thata + b + ¢ = 0 and let
1+ax)(1+bx)(1+cx) =1+ qx? +rx3
for all real x. Show that g = bc + ca + ab and r = abc.

(i) Show that the coefficient of x™ in the series expansion (in ascending powers of x) of
In(1 + gx? + rx3) is (=1)**1S,, where
a*+b"+c"
Sp = — n=1).

(ii) Find, in terms of q and r, the coefficients of x2, x3 and x° in the series expansion (in
ascending powers of x) of In(1 + gx? + rx3) and hence show that 5,S; = Ss.

(iii) Show that S, S5 = S5.

(iv) Give a proof of, or find a counterexample to, the claim that S,S; = S,.

[STEP 3, 2014Q2]

(i) Show, by means of the substitution u = cosh x, that

sinh x 1 V2 coshx — 1
f dx = In +
cosh 2x 2v2  |W2coshx + 1

(ii) Use a similar substitution to find an expression for
f coshx q
X.
cosh 2x

(iii) Using parts (i) and (ii) above, show that

fl A m+2In(vV2 + 1)
u = .
01+u4 42



[STEP 3, 2014Q3]

(i) The line L has equation y = mx + ¢, where m > 0 and ¢ > 0. Show that, in the case mc >
a > 0, the shortest distance between L and the parabola y? = 4ax is

mc—a
mvm2 +1
What is the shortest distance in the case that mec < a?

(ii) Find the shortest distance between the point (p, 0), where p > 0, and the parabola y? =
4ax, where a > 0, in the different cases that arise according to the value ofg. [ You may

wish to use the parametric coordinates (at?, 2at) of points on the parabola.

Hence find the shortest distance between the circle (x — p)? + y? = b?, where p > 0 and
b > 0, and the parabola y? = 4ax, where a > 0, in the different cases that arise according
to the values of p, a and b.

[STEP 3, 2014Q4]
(i) Let
1 1
1= f (Y2 —y?)dx and L= J (y' + ytanx)?dx,
0 0

where y is a given function of x satisfying y = 0 at x = 1. Show that I — I; = 0 and deduce
that I = 0. Show further that/ = O onlyify = 0 forallx (0 < x < 1).

(ii) Let
1
J = f ()2 - a?y?) dx,
0

where a is a given positive constant and y is a given function of x, not identically zero
satisfying y = 0 at x = 1. By considering an integral of the form

1
f (y' + ay tan bx)? dx,
0

where b is suitably chosen, show that] = 0. You should state the range of values of g, in
the form a < k, for which your proof is valid.

In the case a = k, find a function y (not everywhere zero) such thatJ = 0.
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[STEP 3, 2014Q5]

A quadrilateral drawn in the complex plane has vertices 4, B, C and D, labelled anticlockwise.
These vertices are represented, respectively, by the complex numbers a, b, c and d. Show that
ABCD is a parallelogram (defined as a quadrilateral in which opposite sides are parallel and
equal in length) if and only if a + ¢ = b + d. Show further that, in this case, ABCD is a square if
and only ifi(a —c¢) = b — d.

Let PQRS be a quadrilateral in the complex plane, with vertices labelled anticlockwise, the
internal angles of which are all less than 180°. Squares with centres X, Y, Z and T are
constructed externally to the quadrilateral on the sides PQ, QR, RS and SP, respectively.

(i) If P and Q are represented by the complex numbers p and g, respectively, show that X can
be represented by

1
E(p(l +i)+q(1—-1)).

(ii) Show that XYZT is a square if and only if PQRS is a parallelogram.

[STEP 3, 2014Q8]

Starting from the result that
X
h(t) > 0for0 <t<x=f h(t)dt > 0,
0

show that, if f"'(t) > 0for0 <t < xgand f(0) = f'(0) = 0,then f(t) > 0for0 < t < x,.
(i) Show that, for 0 < x < %n,

cosx coshx < 1.
(ii) Show that, for 0 < x < %n,

1 sin x X

< < — .
coshx X sinh x



[STEP 3, 2014Q7]

The four distinct points P; (i = 1,2, 3,4) are the vertices, labelled anticlockwise, of a cyclic
quadrilateral. The lines P, P; and P, P, intersect at Q.

(i) By considering the triangles P; QP, and P,QP; show that (P;Q)(QP;) = (P,Q)(QP,).

(ii) Let p; be the position vector of the point P; (i = 1, 2, 3,4). Show that there exist numbers
a;, not all zero, such that

4

4
z a; =0 and Z a;p; = 0. (%)

i=1 i=1

(iii) Leta; (i = 1,2,3,4) be any numbers, not all zero, that satisfy (*). Show that a; + az # 0
and that the lines P; P; and P, P, intersect at the point with position vector

a,p1 + azps
a, +az

Deduce that a;as(P;P3)? = a,a,(P,P,)?.

[STEP 3, 2014Q8]

The numbers f(r) satisfy f(r) > f(r + 1) for r = 1,2, .... Show that, for any non-negative
integer n,

kn+1_1
k= DG S Y F0) < ke DFKR)
r=km"
where k is an integer greater than 1.
(i) Bytaking f(r) = %, show that
oN+1_q
N+1 1
— < Z -<N+1
2 T
r=1

1
Deduce that the sum Y;2 ; ~ does not converge.

(ii) By taking f(r) = %3, show that

(iii) Let S(n) be the set of positive integers less than n which do not have a 2 in their decimal
representation and let g(n) be the sum of the reciprocals of the numbers in S(n), so for

exampleo(5) =1+ g + %. Show that §(1000) contains 93 — 1 distinct numbers.

Show that g(n) < 80 for all n.
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Section B: Mechanics
[STEP 3, 2014Q9]

A particle of mass m is projected with velocity u. It is acted upon by the force mg due to gravity
and by a resistive force —mkv, where v is its velocity and k is a positive constant.

Given that, at time t after projection, its position r relative to the point of projection is given by

_kt—1+e_kt +1—e_kt
= k2 8 K

find an expression for vin terms of k, t, g and u. Verify that the equation of motion and the
initial conditions are satisfied.

r u,

Let u=ucosai+usinaj and g = —gj, where 0 < a < 90°, and let T be the time after
projection at which r.j = 0. Show that

. kT
uksina = (W— 1)g.

Let 8 be the acute angle between v and 1 at time T. Show that

(ekT _ 1)9

— tan a.
uk cosa

tang =

Show further that tan f > tan a (you may assume that sinh kT > kT) and deduce that § > a.

[STEP 3, 2014Q10]

Two particles X and Y, of equal mass m, lie on a smooth horizontal table and are connected by
alight elastic spring of natural length a and modulus of elasticity 1. Two more springs, identical
to the first, connect X to a point P on the table and Y to a point Q on the table. The distance
between P and Q is 3a.

Initially, the particles are held so that XP =a, YQ = %a, and PXYQ is a straight line. The
particles are then released.

Attime t, the particle X is a distance a + x from P and the particle Y is a distance a + y from Q.
Show that

dzx_ A(Z ‘)
mdtz_ a xTy

X i . . . d?
and find a similar expression involving d—tjzl. Deduce that

x—y=Acoswt + Bsinwt

where A and B are constants to be determined and maw? = A. Find a similar expression for
x+y.

Show that Y will never return to its initial position.



[STEP 3, 2014Q11]

A particle P of mass m is connected by two light inextensible strings to two fixed points 4 and
B, with A vertically above B. The string AP has length x. The particle is rotating about the
vertical through A and B with angular velocity w, and both strings are taut. Angles PAB and
PBA are a and S, respectively.

Find the tensions T, and Tp in the strings AP and BP (respectively), and hence show that

w?xcosa = g.

Consider now the case that w?x cos a = g. Given that AB = hand BP = d, where h > d, show
that h cosa > Vh? — d?. Show further that

mgh
hZ — dz

Describe the geometry of the strings when T, attains its upper bound.

mg <T, <
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Section C: Probability and Statistics
[STEP 3, 2014Q12]

The random variable X has probability density function f(x) (which you may assume is
differentiable) and cumulative distribution function F(x) where —co < x < co. The random

variable Y is defined by Y = eX. You may assume throughout this question that X and Y have
unique modes.

(i) Find the median value y,, of Y in terms of the median value x,, of X.

(ii) Show that the probability density function of Y is @, and deduce that the mode A of Y

satisfies f'(InA) = f(In A).
(iii) Suppose now that X~N(u, 62), so that

1 _(e=p)?
e 207

f&x) =

oV2T

Explain why

1 (» _(=u=o?)’
J e 202 dx=1
oV2n/)_w

1
and hence show that E(Y) = et
(iv) Show that, when X~N(u, 62),
A <y, <E).



[STEP 3, 2014Q13]

[ play a game which has repeated rounds. Before the first round, my score is 0. Each round can
have three outcomes:

1. my score is unchanged and the game ends.
2. my score is unchanged and I continue to the next round.
3. my score is increased by one and I continue to the next round.

The probabilities of these outcomes are a, b and c, respectively (the same in each round),

where a + b + ¢ = 1 and abc # 0. The random variable N represents my score at the end of a
randomly chosen game.

Let G (t) be the probability generating function of N.

(i) Suppose in the first round, the game ends. Show that the probability generating function
conditional on this happening is 1.

(ii) Suppose in the first round, the game continues to the next round with no change in score.
Show that the probability generating function conditional on this happening is G (t).

(iii) By comparing the coefficients of t", show that G(t) = a + bG(t) + ctG(t). Deduce that, for

n=0,
ac™
P(N = Tl) = m
(iv) Show further that, forn = 0,
#n
PIN=n)=————,
N R

where u = E(N).
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Section A: Pure Mathematics

[STEP 3, 2015Q1]
(i) Let

@ 1
I, = ———duy,
n L a+u2)r
where n is a positive integer. Show that

1
L ﬁln

and deduce that

2n)'n
Iny1 = 22n+1(n!)2'

(ii) Let
= f £l = x~ )2 dx,
0

where f is any function for which the integral exists. Show that

] = me‘zf((x —x N dx = %Lm(l +x )f((x —xH2)dx = fooof(uz) du.

(iii) Hence evaluate

oo x2n—2
N —— VS
-fo (x* —x%24+ 1" x

where n is a positive integer.

[STEP 3, 2015Q2]
If 54,55, 53, ...and tq, t,, t3, ... are sequences of positive numbers, we write
(sn) = (tn)
to mean
“there exists a positive integer m such that s,, < t,, whenevern = m”.

Determine whether each of the following statements is true or false. In the case of a true
statement, you should give a proof which includes an explicit determination of an appropriate
m; in the case of a false statement, you should give a counterexample.

(1) (1000n) < (n?).

(i) Ifitis not the case that (s,) < (t,), then it is the case that (t,) < (s,,).
(iii) If (sp) < () and (t,) < (uy), then (s,) < (uy).

(iv) (n?) < (2M).
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[STEP 3, 2015Q3]

In this question, r and 6 are polar coordinates withr = 0 and —mt < 8 < 7, and a and b are
positive constants.

Let L be a fixed line and let A be a fixed point not lying on L. Then the locus of points that are a
fixed distance (call it d) from L measured along lines through A is called a conchoid of
Nicomedes.

(i) Show thatif
|r —asec@| = b, (%)

where a > b, then sec 8 > 0. Show that all points with coordinates satisfying (*) lie on a
certain conchoid of Nicomedes (you should identify L, d and A). Sketch the locus of these
points.

(ii) Inthe case a < b, sketch the curve (including the loop for which sec 8 < 0) given by
|r —asecO| = b.
Find the area of the loop in the case a = 1 and b = 2.

[Note: [ sec6 df = In|secd + tan 8| + C.]

[STEP 3, 2015Q4]
(i) Ifa, band c are all real, show that the equation
z3+az?+bz+c=0 (%)
has at least one real root.
(i) Let
Si=z1+2z,+2z3, S,=z2+z%+2z%  S;=2z}+2z5+z3,

where z,, z, and z; are the roots of the equation (*). Express a and b in terms of S; and S,
and show that

6c = —S3 + 35,5, — 2S;.

(iii) The six real numbers ry, and 8, (k = 1, 2,3), wherer, > 0 and —nt < 8, < T, satisfy

3 3 3

z 1, sin(0;) = 0, Z 7 sin(26,) = 0, Z 2 sin(36) = 0.

k=1 k=1 k=1
Show that 8;, = 0 for at least one value of k.

Show further that if 8, = 0 then 8, = —65.
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[STEP 3, 2015Q5]

(i) In the following argument to show that v/2 is irrational, give proofs appropriate for steps
3,5and 6.

1.
2.

6.

Assume that V2 is rational.

Define the set S to be the set of positive integers with the following property:
nisin S ifand only if nv/2 is an integer.

Show that the set S contains at least one positive integer.

Define the integer k to be the smallest positive integer in S.
Show that (\/7 - 1)k isin S.

Show that steps 4 and 5 are contradictory and hence that /2 is irrational.

1 2
(ii) Prove that 23 is rational if and only if 23 is rational.

1 2

Use an argument similar to that of part (i) to prove that 23 and 23 are irrational.

[STEP 3, 2015Q6]

(i) Letw and z be complex numbers, and letu = w + zand v = w? + z2. Prove that w and z
are real if and only if u and v are real and u? < 2v.

(ii) The complex numbers u, w and z satisfy the equations

w+z—u=0

2
2l v N2
wWo+zt—ut=—-

3
w3+2z3—u=-1

where 4 is a positive real number. Show that for all values of A except one (which you
should find) there are three possible values of u, all real.

Are w and z necessarily real? Give a proof or counterexample.



[STEP 3, 2015Q7]
An operator D is defined, for any function f, by
df (x)
dx
The notation D™ means that D is applied n times; for example

d [ df(x)
D2f(x) =xa<x T )

Df(x) =x

Show that, for any constant a, D?x% = a?x%.

(i) Show thatif P(x) is a polynomial of degree r (where r > 1) then, for any positive integer
n, D"P(x) is also a polynomial of degree 7.

(ii) Show that if n and m are positive integers with n < m, then D™*(1 — x)™ is divisible by
(1 —x)m ™

(iii) Deduce that, if m and n are positive integers with n < m, then

;(—W (7:) = 0.

[STEP 3, 2015Q8]

(i) Show that under the changes of variable x = r cos 8 and y = r sin 8, where r is a function
of 8 with r > 0, the differential equation

0=
y xdx—y X
becomes

dr+ _
T

Sketch a solution in the x-y plane.

(ii) Show that the solutions of
2 2 dy 2 2
(y+x—x(?+y?)) =y —x—y&* +y?)
can be written in the form
2 _ 1
1+ Ae?®

and sketch the different forms of solution that arise according to the value of A.
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Section B: Mechanics
[STEP 3, 2015Q9]

A particle P of mass m moves on a smooth fixed straight horizontal rail and is attached to a
fixed peg Q by a light elastic string of natural length a and modulus A. The peg Q is a distance
a from the rail. Initially P is at rest with PQ = a.

An impulse imparts to P a speed v along the rail. Let x be the displacement at time t of P from
its initial position. Obtain the equation

x? =v? —k? (\/xz +a? — a)2

A . . .
where k? = — k > 0 and the dot denotes differentiation with respect to t.

Find, in terms of k, a and v, the greatest value, x,, attained by x. Find also the acceleration of P
atx = xg.

Obtain, in the form of an integral, an expression for the period of the motion. Show that, in the
case v < ka (thatis, v is much less than ka), this is approximately

32a (! 1
f du.
kv Jo V1 —u*

Alight rod of length 2a has a particle of mass m attached to each end and it moves in a vertical
plane. The midpoint of the rod has coordinates (x,y), where the x-axis is horizontal (within
the plane of motion) and y is the height above a horizontal table. Initially, the rod is vertical,
and at time ¢t later it is inclined at an angle 8 to the vertical.

[STEP 3, 2015Q10]

Show that the velocity of one particle can be written in the form
%+ af cos@
y —afsinf
X%+ afcos6 —ab?sinf\ T(sinH) (0)
m y —abfsin@ —ab2cosf) cosg) "I\

where the dots denote differentiation with respect to time t and T is the tension in the rod.
Obtain the corresponding equations for the other particle.

and that

Deduce that ¥ = 0,j) = —gand § = 0.

Initially, the midpoint of the rod is a height h above the table, the velocity of the higher particle
is (’;), and the velocity of the lower particle is (2) Given that the two particles hit the table for

the first time simultaneously, when the rod has rotated by %‘l‘[, show that

2hu? = n?a?g — 2muva.
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[STEP 3, 2015Q11]

(i) A horizontal disc of radius r rotates about a vertical axis through its centre with angular
speed w. One end of a light rod is fixed by a smooth hinge to the edge of the disc so that it
can rotate freely in a vertical plane through the centre of the disc. A particle P of mass m
is attached to the rod at a distance d from the hinge. The rod makes a constant angle a
with the upward vertical, as shown in the diagram, and d sina < r.

<

By considering moments about the hinge for the (light) rod, show that the force exerted
on the rod by P is parallel to the rod.

Show also that

rcota =a+dcosa,
where a = %. State clearly the direction of the force exerted by the hinge on the rod, and
find an expression for its magnitude in terms of m, g and a.

(ii) The disc and rod rotate as in part (i), but two particles (instead of P) are attached to the
rod. The masses of the particles are m; and m, and they are attached to the rod at
distances d; and d, from the hinge, respectively. The rod makes a constant angle § with
the upward vertical and d; sin f < d, sin § < r. Show that 8 satisfies an equation of the
form

rcotf =a+bcosp,

where b should be expressed in terms of d4, d5, m; and m,.
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Section C: Probability and Statistics
[STEP 3, 2015Q12]

A 6-sided fair die has the numbers 1, 2, 3, 4, 5, 6 on its faces. The die is thrown n times, the
outcome (the number on the top face) of each throw being independent of the outcome of any
other throw. The random variable S,, is the sum of the outcomes.

(i) The random variable R,, is the remainder when S, is divided by 6. Write down the
probability generating function, G(x), of R, and show that the probability generating
function of R, is also G(x). Use a generating function to find the probability that S,, is
divisible by 6.

(ii) The random variable T, is the remainder when S, is divided by 5. Write down the
probability generating function, G;(x), of T; and show that G,(x), the probability
generating function of T,, is given by

1
Go(x) = 52 (% +7)

wherey =1+ x + x2 + x3 + x*%.

Obtain the probability generating function of T, and hence show that the probability that
S, is divisible by 5 is

1 (1 1 )

5 6™

if n is not divisible by 5. What is the corresponding probability if n is divisible by 57

[STEP 3, 2015Q13]

Each of the two independent random variables X and Y is uniformly distributed on the interval
[0,1].

(i) By considering the lines x +y = constant in the x - y plane, find the cumulative
distribution function of X + Y.

Hence show that the probability density function f of (X + Y)~ ! is given by

1
2t72 —t73 forEStﬁl

t) =
f® t=3 forl<t<o
0 otherwise.

Evaluate E (L)

X+Y

(ii) Find the cumulative distribution function of % and use this result to find the probability

. . X
density function of —.
X+Y

Write down E (%) and verify your result by integration.
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Section A: Pure Mathematics
[STEP 3, 2016Q1]
Let

*© 1
L, = dx,
n f_oo(x2+2ax+b)" x

where a and b are constants with b > a?, and n is a positive integer.

(i) By using the substitution x + a = Vb — a? tan u, or otherwise, show that

T

N

Il =
(i) Show that 2n(b — a®)I,,.; = (2n — 1)I,,.
(iii) Hence prove by induction that

e T (2n—2>
" 22"‘2(b—a2)"_% n—1/

[STEP 3, 2016Q2]

The distinct points P(ap?,2ap), Q(aq? 2aq) and R(ar?,2ar) lie on the parabola y? = 4ax,
where a > 0. The points are such that the normal to the parabola at Q and the normal to the
parabola at R both pass through P.

(i) Showthatg?+gp+2 =0.
(ii) Show that QR passes through a certain point that is independent of the choice of P.

(iii) Let T be the point of intersection of OP and QR, where O is the coordinate origin. Show
that T lies on a line that is independent of the choice of P.

Show further that the distance from the x-axis to T is less than %
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[STEP 3, 2016Q3]
(i) Given that

x3 =2 P(x)

X

2 C eXdx =
G+D2° T oM
where P(x) and Q(x) are polynomials, show that Q(x) has a factor of x + 1.

e* + constant,

Show also that the degree of P(x) is exactly one more than the degree of Q(x), and find
P(x) in the case Q(x) = x + 1.

(ii) Show that there are no polynomials P(x) and Q(x) such that
1 P(x)

x

x+1° YT

You need consider only the case when P(x) and Q(x) have no common factors.

e* + constant.

[STEP 3, 2016Q4]

——— for |x| # 1, simplify

14+x T+1

N
Z 1+ xr)(l + x7+1)
Show that, for |x| < 1,

X

Z 1+ xr)(l + xr+1) 1—x?

(ii) Deduce that

[oe]

Z sech(ry) sech((r + 1)y) = 2e™¥ cosech(2y)

r=1
fory > 0.

Hence simplify

[0

Z sech(ry) sech((r + 1)y),

r=—00

fory > 0.
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[STEP 3, 2016Q5]

(i) By considering the binomial expansion of (1 + x)?™*1, prove that

<2m + 1) < g2m
m )

for any positive integer m.

(ii) For any positive integers r and s with r <'s, B, ¢ is defined as follows: P, ; is the product of
all the prime numbers greater than r and less than or equal to s, if there are any such
primes numbers; if there are no such primes numbers, then P = 1.

For example, P; ; = 35, P; 19 = 1and Py4 ;5 = 17.
Show that, for any positive integer m, Py, 11 2m+1 divides (ernﬂ), and deduce that
Pri12mer < 2°™.
(iii) Show that, if P, , < 4% fork = 2,3, ...,2m, then Py 5,4, < 42™*1,

(iv) Prove that P, , < 4" forn > 2.

[STEP 3, 2016Q6]

Show, by finding R and y, that A sinh x 4+ B cosh x can be written in the form R cosh(x + y) if
B > A > 0. Determine the corresponding forms in the other cases that arise, for A > 0,
according to the value of B.

Two curves have equations y = sechx and y = atanhx + b, where a > 0.
(i) Inthe case b > a, show that if the curves intersect then the x-coordinates of the points of

intersection can be written in the form

1 a
+ S -
+ arcosh( g az) artanh 5

(ii) Find the corresponding resultinthecasea > b > 0.

(iii) Find necessary and sufficient conditions on a and b for the curves to intersect at two
distinct points.

(iv) Find necessary and sufficient conditions on a and b for the curves to touch and, given that
they touch, express the y-coordinate of the point of contact in terms of a.



[STEP 3, 2016Q7]

2T

Let w = e n, where n is a positive integer. Show that, for any complex number z,
-Dz-w)(z—w™H)=2z"-1.

The points X,, X3, ..., X,,—1 lie on a circle with centre O and radius 1, and are the vertices of a
regular polygon.

(i) The point P is equidistant from X, and X;. Show that, if n is even,
|PXo| X [PXy| X -+ X |PXy_q1| = |OP|" + 1,
where |PX,, | denotes the distance from P to Xj.
Give the corresponding result when n is odd. (There are two cases to consider.)
(ii) Show that
[XoX1| X [XoXz| X -+ X |XoXpq| = 1.

[STEP 3, 2016Q8]
(i) The function f satisfies, for all x, the equation
fO)+ @ —x0)f(—x) =x%

Show that f(—x) + (1 + x)f(x) = x2. Hence find f(x) in terms of x. You should verify
that your function satisfies the original equation.

(ii) The function K is defined, for x # 1, by

x+1
K = .
()=
Show that, for x # 1, K(K(x)) = x.
The function g satisfies the equation
4 (x + 1) > 21
g +xg(—)=x =D
. 2x
Show that, forx # 1, g(x) = ey
(iii) Find h(x), for x # 0, x # 1, given that
1
h(x)+h(—>=1—x— (x#0,x#1).
1—x 1—x

5



Section B: Mechanics
[STEP 3, 2016Q9]

Three pegs P, Q and R are fixed on a smooth horizontal table in such a way that they form the
vertices of an equilateral triangle of side 2a. A particle X of mass m lies on the table. It is

attached to the pegs by three springs, PX, QX and RX, each of modulus of elasticity A and

2

natural length [, where | < Nk Initially the particle is in equilibrium. Show that the extension

1 eac sprmglsﬁa .

The particle is then pulled a small distance directly towards P and released. Show that the
tension T in the spring RX is given by

Al [4a? 2ax
T==| |[—+=—=+x2-1),

AWERNG

where x is the displacement of X from its equilibrium position.

Show further that the particle performs approximate simple harmonic motion with period

) 4mla
m |
3(4a —V31)2

A smooth plane is inclined at an angle a to the horizontal. A particle P of mass m is attached to
a fixed point A above the plane by a light inextensible string of length a. The particle rests in
equilibrium on the plane, and the string makes an angle  with the plane.

[STEP 3, 2016Q10]

The particle is given a horizontal impulse parallel to the plane so that it has an initial speed of
u. Show that the particle will not immediately leave the plane if ag cos(a + ) > u? tan .

Show further that a necessary condition for the particle to perform a complete circle whilst in
contact with the planeis6tanatanf < 1.



[STEP 3, 2016Q11]

A car of mass m travels along a straight horizontal road with its engine working at a constant
rate P. The resistance to its motion is such that the acceleration of the car is zero when it is
moving with speed 4U.

(i) Given that the resistance is proportional to the car’s speed, show that the distance X;
travelled by the car while it accelerates from speed U to speed 2U, is given by

9
X =2z -1,

P
16mu3’

where A =

(ii) Giveninstead thatthe resistance is proportional to the square of the car’s speed, show that
the distance X, travelled by the car while it accelerates from speed U to speed 2U is given

by
AX, = éln 2
3 8
(iii) Giventhat 3.17 <1In24 < 3.18 and 1.60 < In5 < 1.61, determine which is the larger of X;
and X,.
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Section C: Probability and Statistics
[STEP 3, 2016Q12]

Let X be a random variable with mean y and standard deviation o. Chebyshev’s inequality,
which you may use without proof, is

1
P(|X — ul > ko) Sﬁ’

where k is any positive number.

(i) The probability of a biased coin landing heads up is 0.2. It is thrown 100n times, where n
is an integer greater than 1. Let a be the probability that the coin lands heads up N times,
where 16n < N < 24n.

Use Chebyshev’s inequality to show that

1
a=>1——
n

(ii) Use Chebyshev’s inequality to show that
2 nZn

1+ n 4o+t >(1 1)"
LY @n)! — n) €

[STEP 3, 2016Q13]

Given a random variable X with mean u and standard deviation o, we define the kurtosis, k, of
X by

E((X —w*)
k=——7—"—-3.
o
Show that the random variable X — a, where a is a constant, has the same kurtosis as X.

(i) Show by integration that a random variable which is Normally distributed with mean 0
has kurtosis 0.

(ii) LetY;,Y,,...,Y, be nindependent, identically distributed, random variables with mean 0,
andletT = Y }_, Y,.. Show that

E(T*) = iE(Y;*) ¥ 6,121 i E(YDE(YR).
r=1

r=1s=r+1
(iii) Let X4, X5, ..., X, be n independent, identically distributed, random variables each with

kurtosis k. Show that the kurtosis of their sum is %



STEP 3 2017

STEP 3 2017
On-line Exam

Scan the QR code or click on the link to take an on-line exam.

Full solutions can be accessed after submission.

TIME ALLOWED: 180 MINUTES

INSTRUCTIONS TO CANDIDATES

Read this page carefully, but do not open this question paper until you are told that you
may do so.

Read the additional instructions on the front of the answer booklet.

Write your name, centre number, candidate number, date of birth, and indicate the
paper number in the spaces provided on the answer booklet.

INFORMATION FOR CANDIDATES
This paper contains three sections: A, B, and C.
Section A Pure Mathematics
Section B Mechanics
Section C Probability and Statistics
There are 13 questions in this paper.
Each question is marked out of 20. There is no restriction of choice.
All questions attempted will be marked.
Your final mark will be based on the six questions for which you gain the highest marks.

You are advised to concentrate on no more than six questions. Little credit will be given
for fragmentary answers.

Calculators are not permitted.

STEP 3 Past Paper 2017


https://appau7lmfib7689.h5.xiaoeknow.com/evaluation_wechat/examination/introduce/ex_61641962b4f62_I8eQ2c6X

Section A: Pure Mathematics
[STEP 3, 2017Q1]

(i) Prove that, for any positive n and r,

1 _r+1 1 1
n+rC}+1 - r n+r—1C} n+rC} '

Hence determine

oo
1
e
n=1 r+1

1 1
and deduce that };5—, e = 5
3

(ii) Show that, forn = 3,

3! 1 20 1 5!

—<— and ————<—.
n3 n+1cé n+1C§ n+2C5 n3

By summing these inequalities for n = 3, show that

115 _ 1 116
9% n3 > 96

n=1

Note: "C, is another notation for ('rl)

[STEP 3, 2017Q2]

The transformation R in the complex plane is a rotation (anticlockwise) by an angle 8 about
the point represented by the complex number a. The transformation S in the complex plane is

a rotation (anticlockwise) by an angle ¢ about the point represented by the complex number
b.

(i) The point P is represented by the complex number z. Show that the image of P under R is
represented by

elfz + a(l — eie).

(ii) Show that the transformation SR (equivalent to R followed by S) is a rotation about the
point represented by ¢, where

1 ip 1 |6 1
csin= (6 + ¢) =ae2 sin-6 + be 2sin-¢,
2 2 2
provided 8 + ¢ # 2nm for any integer n.
What is the transformation SR if 6 + ¢ = 2m?

(iii) Under what circumstances is RS = SR?
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[STEP 3, 2017Q3]
Let a, 8, y and 6 be the roots of the quartic equation
x*+px3+qx?+rx+s=0.

You are given that, for any such equation, aff +yé6, ay + B6 and ad + Sy satisfy a cubic
equation of the form

y3 + Ay? + (pr — 4s)y + (4qs — p?s —r?) = 0.
Determine A.
Now consider the quartic equation givenbyp = 0,q = 3,r = —6 and s = 10.

(i) Find the value of aff + y4, given that it is the largest root of the corresponding cubic
equation.

(i) Hence, using the values of g and s, find the value of (a + 8)(y + 6) and the value of af8
given that aff > 4.

(iii) Using these results, and the values of p and r, solve the quartic equation.

[STEP 3, 2017Q4]

For any function f satisfying f (x) > 0, we define the geometric mean, F, by

1y
Fo)=er MO 5 0),
(i) The function f satisfies f(x) > 0 and a is a positive number with a # 1. Prove that

F(y) 1 a%foyl()gaf(x)dx

(ii) The functions f and g satisfy f(x) > 0 and g(x) > 0, and the function h is defined by
h(x) = f(x)g(x). Their geometric means are F, G and H, respectively. Show that H(y) =

F()G().

(iii) Prove that, for any positive number b, the geometric mean of b* is Vb?.

(iv) Prove that, if f(x) > 0 and the geometric mean of f(x) is /f(¥), then f(x) = b* for some
positive number b.
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[STEP 3, 2017Q5]
The point with cartesian coordinates (x, y) lies on a curve with polar equation r = f(8). Find
an expression for % in terms of f(8), f'(#) and tan 6.

Two curves, with polar equations r = f(6) and r = g(68), meet at right angles. Show that
where they meet

f'(0)g'(6) + f(6)g(6) = 0.
The curve C has polar equation r = f(8) and passes through the point given by r = 4, 8 =
—%1‘[. For each positive value of a, the curve with polar equation r = a(1 + sin 8) meets C at
right angles. Find f(6).

Sketch on a single diagram the three curves with polar equations r =1+sinf, r =
4(1+sinf)andr = f(0).

[STEP 3, 2017Q8]

In this question, you are not permitted to use any properties of trigonometric functions or
inverse trigonometric functions.

The function T is defined for x > 0 by

X

1
T = d
) Jo T+u2

du (which has a finite value).

andTm=fOO L

0 1+u?

(i) By making an appropriate substitution in the integral for T'(x), show that
T(x) =Ty —T(x™ ).

(ii) Letv = %, where a is a constant. Verify that, foru # a’t,

dv 14 v?
du  1+4+u?
Hence show that, fora > 0 and x < %,

x+a
1—ax)_T(a)'

T(x) =T(

Deduce that

T(x™\)=2T,—-T (fja‘;) —T(a™)

and hence that, for b > 0and y > %,

y+b
by —1

T(y) = 2T, — T( ) —T(b).

(iii) Use the above results to show that T(\/§) = gToo and T(\/f - 1) = %Too.
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[STEP 3, 2017Q7]

Show that the point T with coordinates

1—t2 2b
<a( t%) t) )

14+¢t2 "1+ ¢t2

(where a and b are non-zero) lies on the ellipse

XZ y2

) + 7= 1.
(i) Theline L is the tangent to the ellipse at T. The point (X,Y) lies on L, and X? # a?.
Show that
(a + X)bt? — 2a¥t + b(a—X) = 0.

Deduce that if a?Y? > (a? — X?)b?, then there are two distinct lines through (X,Y) that
are tangents to the ellipse. Interpret this result geometrically. Show, by means of a sketch,
that the result holds also if X? = a?.

(ii) The distinct points P and Q are given by (*), with t = p and t = q, respectively. The
tangents to the ellipse at P and Q meet at the point with coordinates (X,Y), where X? #
a?. Show that

(a+X)pg=a—X
and find an expression for p 4+ q in terms of a, b, X and Y.

Given that the tangents meet the y-axis at points (0, y,) and (0, y,), where y; + y, = 2b,
show that
X? Y

?4-3:1.
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[STEP 3, 2017Q8]

Prove that, for any numbers a4, a,, ..., and b4, b,, ..., and forn > 1,

n

n
z am(bm+1 - bm) = apy1bny1 —a1by — z bm+1(am+1 - am)-

m=1 m=1

(i) By setting b,, = sinmx, show that

n
1 1 1
z cos (m + E) x = > (sin(n + 1)x — sinx) cosecix.

m=1

Note: sinA — sinB = 2 cos (#) sin (AZ;B).

(ii) Show that

n
z msinmx = (psin(n + 1)x + g sinnx) cosec? Ex,
m=1
where p and q are to be determined in terms of n.
Note: 2 sin Asin B = cos(4 — B) — cos(4 + B).

2cosAsinB = sin(4 + B) — sin(A — B).



Section B: Mechanics
[STEP 3, 2017Q9]

Two particles A and B of masses m and 2m, respectively, are connected by a light spring of
natural length a and modulus of elasticity A. They are placed on a smooth horizontal table with
AB perpendicular to the edge of the table, and A is held on the edge of the table. Initially the
spring is at its natural length.

Particle A is released. At a time ¢ later, particle A has dropped a distance y and particle B has

moved a distance x from its initial position (where x < a). Show thaty + 2x = Egtz.

The value of A is such that particle B reaches the edge of the table ata time T givenby T = \/%.

By considering the total energy of the system (without solving any differential equations),

show that the speed of particle B at this time is /%

[STEP 3, 2017Q10]
A uniform rod PQ of mass m and length 3a is freely hinged at P.

The rod is held horizontally and a particle of mass m is placed on top of the rod at a distance [
from P, where | < 2a. The coefficient of friction between the rod and the particle is p.

The rod is then released. Show that, while the particle does not slip along the rod,
(3a? +1%)0?% = g(3a + 21) sin¥,
where 6 is the angle through which the rod has turned, and the dot denotes the time derivative.

Hence, or otherwise, find an expression for 6 and show that the normal reaction of the rod on
the particle is non-zero when 6 is acute.
Show further that, when the particle is on the point of slipping,
ua(2a -1
2(12 + al + a?)

tan@ =

What happens at the moment the rod is released if, instead, [ > 2a?
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[STEP 3, 2017Q11]

A railway truck, initially at rest, can move forwards without friction on a long straight
horizontal track. On the truck, n guns are mounted parallel to the track and facing backwards,
where n > 1. Each of the guns is loaded with a single projectile of mass m. The mass of the
truck and guns (but not including the projectiles) is M.

When a gun is fired, the projectile leaves its muzzle horizontally with a speed v — V relative to
the ground, where V is the speed of the truck immediately before the gun is fired.

(i) Alln guns are fired simultaneously. Find the speed, u, with which the truck moves, and
show that the kinetic energy, K, which is gained by the system (truck, guns and projectiles)
is given by

K= %nmv2 (1 + %)

(ii) Instead, the guns are fired one at a time. Let u,- be the speed of the truck when r guns have
been fired, so that uy, = 0. Show that, for1 <r <n,

mv

M+ n—-r)m )

U = Up—1 =

and hence that u,, < u.

(iii) Let K,- be the total kinetic energy of the system when r guns have been fired (one ata time),
so that K, = 0. Using(x), show that, for 1 <r <n,

1
K. —K,_1= Emvz + Emv(ur —Up_q)
and hence show that
Ky < S -
n=3 nmv 5 mvu,.

Deduce that K, < K.



Section C: Probability and Statistics
[STEP 3, 2017Q12]

The discrete random variables X and Y can each take the values 1, ..., n (wheren > 2).
Their joint probability distribution is given by

PX=xY=y)=k(x+y),
where k is a constant.

(i) Show that

n+1+2x

PX=x)=—F—=
( *) 2n(n+1)
Hence determine whether X and Y are independent.

(ii) Show that the covariance of X and Y is negative.

[STEP 3, 2017Q13]

The random variable X has mean p and variance 62, and the function V is defined, for —oo <
x < oo, by

V(x) = E((X —x)%).
Express V(x) in terms of x, u and o.
The random variable Y is defined by Y = V(X). Show that
E(Y) = 20°. (*)

Now suppose that X is uniformly distributed on the interval 0 < x < 1.Find V(x). Find also the
probability density function of Y and use it to verify that (*) holds in this case.
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Section A: Pure Mathematics
[STEP 3, 2018Q1]
(i) The function f is given by

B =f-a-t (g0
=F g '

Find the stationary point of the curve y = f(f) and sketch the curve.
Sketch also the curve y = g(B), where
9B =pto-a (B0
B B
(ii) Letu and v be the roots of the equation
x2+ax+p =0,
where 8 # 0. Obtain expressions in terms of « and S foru + v + % and % + % + uv.

(iii) Given thatu + v + % = —1, and that u and v are real, show that% + % +uv < -1

(iv) Giveninstead thatu + v + % = 3,and that u and v are real, find the greatest value % + % +

uv.

[STEP 3, 2018Q2]
The sequence of functions yg, 1, ¥>, ... is defined by y, = 1 and, forn > 1,
_ (1) 1d"z
Ay zdx™’

where z = e™*".
(i) Show that% = 2XY, — Yp41 forn =1,
(ii) Prove by induction that, forn > 1,

Yn+1 = 2XYp — 2NYp_4.
Deduce that, forn > 1,

Vi1 — YaVn+z = 20V — Yn-1Vn+1) + 2V7.

(iii) Hence show that y2 — y,,_;V,.1 > 0 forn > 1.
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[STEP 3, 2018Q3]
Show that the second-order differential equation
x?2y" + (1= 2p)xy' + (p* — q*)y = f(x),

where p and q are constants, can be written in the form

(P y)) =@, @
where a, b and ¢ are constants.
(i) Use () to derive the general solution of the equation

x?y" + (1= 2p)xy" + (p*> — q*)y = 0
in the different cases that arise according to the values of p and q.

(ii) Use (*) to derive the general solution of the equation

x?y" + (1 =2p)xy’ +p?y =x"

in the different cases that arise according to the values of p and n.

[STEP 3, 2018Q4]
The point P(asec@, b tan 6) lies on the hyperbola

x2 y2

az b7
where a > b > 0. Show that the equation of the tangent to the hyperbola at P can be written
as

1,

bx —aysinf = ab cos 6.
(i) This tangent meets the lines g = %and g = - % at S and T, respectively.
How is the mid-point of ST related to P?

(ii) The point Q(asec¢,btan ¢) also lies on the hyperbola and the tangents to the hyperbola
at P and Q are perpendicular. These two tangents intersect at (x, y).

Obtain expressions for x? and y? in terms of a, 8 and ¢.

Hence, or otherwise, show that x2 + y? = a? — b2.
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[STEP 3, 2018Q5]

The real numbers a4, a,, as, ... are all positive. For each positive integer n, 4,, and G, are
defined by
_a1+a2+"'+an 1

A, - and G, = (a;a, - ay)n.

(i) Show that, for any given positive integer k,
(k + D) (Ag41 — Ga1) = k(A — Gy)
if and only if
A (k+ DA+ k=0,

1
where A}, = (ag—’:)k“.
(ii) Let
fx)=x*1 - (k+ Dx+k,

where x > 0 and k is a positive integer. Show that f(x) = 0 and that f(x) = 0 if and only
ifx = 1.

(iii) Deduce that:
(@) A, = G, foralln.

(b) ifA, = G, forsomen,thena; = a, =+ = a,.

[STEP 3, 2018Q6]

(i) The distinct points 4, Q and C lie on a straight line in the Argand diagram, and represent

the distinct complex numbers a, g and c, respectively. Show that g is real and hence that
(c—a)g"—a’) =(c"—a")(g —a)
Given that aa™ = cc* = 1, show further that

q+acqg"=a+c.

(ii) The distinct points 4, B, C and D lie, in anticlockwise order, on the circle of unit radius
with centre at the origin (so that, for example, aa* = 1). The lines AC and BD meet at Q.
Show that

(ac—bd)qg"=(a+c)—(b+4d),

where b and d are complex numbers represented by the points B and D respectively, and
show further that

(ac—bd)(q+q")=(a—-b)(A+cd)+ (c—d)(1 + ab).

(iii) The lines AB and CD meet at P, which represents the complex number p. Given that p is
real, show that p(1 + ab) = a + b. Given further that ac — bd # 0, show that

p(g+q") =2



[STEP 3, 2018Q7]
(i) Use De Moivre's theorem to show that, if sin 8 # 0, then

(cotd +1)?™** — (cot6 —i)*"*!  sin(2n+1)6
2i ~ sin2ntlg

for any positive integer n.

Deduce that the solutions of the equation

2n+1 2n+1
( 1 )xn_< 3 )xn_1+"'+(_1)n=0

are

wherem =1, 2,...,n.

(ii) Hence show that

(iii) Given that 0 < sinf < 6 < tan#f for0 < 8 < %‘IT, show that

2g 1 1 29
cot <ﬁ< + cot“ 6.

Hence show that

i 1 _1'[2
m2 6

m=1
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[STEP 3, 2018Q8]
In this question, you should ignore issues of convergence.
(i) Let

fehH

1=
o 1+x

dx,

where f(x) is a function for which the integral exists.

Show that

d n+1
= 2f (];(-{) y
n=1"" Y Y
and deduce that, if f(x) = f(x + 1) for all x, then
)]

1=
o 1+x

dx.

(ii) The fractional part {x}, of a real number x is defined to be x — |x] where |x] is the largest
integer less than or equal to x. For example {3.2} = 0.2 and {3} = 0.

Use the result of part (i) to evaluate

fl{x_l}dx and R
0

dx.
1+x o 1+x *




Section B: Mechanics
[STEP 3, 2018Q9]

A particle P of mass m is projected with speed u, along a smooth horizontal floor directly
towards a wall. It collides with a particle Q of mass km which is moving directly away from the
wall with speed vy. In the subsequent motion, Q collides alternately with the wall and with P.
The coefficient of restitution between Q and P is e, and the coefficient of restitution between
Q and the wall is 1.

Let u,, and v, be the velocities of P and Q, respectively, towards the wall after the nth collision
between P and Q.

(i) Show that, forn = 2,
A+ku,—-A-kA+e)u,_4 +e(1+k)u,_, =0. (%)

(ii) You are now given thate = %and k= i, and that the solution of (x) is of the form
7\" 5\"
=A|— = >
[~ A<1o> +B(7> (n = 0),

where A and B are independent of n. Find expressions for A and B in terms of u and v,

Show that, if 0 < 6uy < vy, then u, will be negative for large n.

[STEP 3, 2018Q10]

A uniform disc with centre O and radius a is suspended from a point 4 on its circumference; so
that it can swing freely about a horizontal axis L through A. The plane of the disc is
perpendicularto L. A particle P is attached to a point on the circumference of the disc. The mass
of the disc is M and the mass of the particle is m.

In equilibrium, the disc hangs with OP horizontal, and the angle between AO and the
downward vertical through A is . Find sin 8 in terms of M and m and show that

ap | 2M
a J(M+m

The disc is rotated about L and then released. At later time ¢, the angle between OP and the
horizontal is 8; when P is higher than 0, 8 is positive and when P islower than O, 6 is negative.
Show that

1 . .
5192 + (1 —sin)ma?62 + (m + M)ga cos 8 (1 — cos 9)
is constant during the motion, where I is the moment of inertia of the disc about L.

Given thatm = %M and that] = %Maz, show that the period of small oscillations is

3 3a
01 59
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[STEP 3, 2018Q11]

A particle is attached to one end of a light inextensible string of length b. The other end of the
string is attached to a fixed point O. Initially the particle hangs vertically below O. The particle
then receives a horizontal impulse.

The particle moves in a circular arc with the string taut until the acute angle between the string
and the upward vertical is a, at which time it becomes slack. Express V, the speed of the particle
when the string becomes slack, in terms of b, g and «a.

Show that the string becomes taut again a time T later, where
gT =4V sinaq,

and that just before this time the trajectory of the particle makes an angle 8 with the horizontal
where tan f = 3tana.

When the string becomes taut, the momentum of the particle in the direction of the string is
destroyed. Show that the particle comes instantaneously to rest at this time if and only if
1++v3

02
sin“a = .
4




Section C: Probability and Statistics
[STEP 3, 2018Q12]

Arandom process generates, independently, n numbers each of which is drawn from a uniform
(rectangular) distribution on the interval 0 to 1. The random variable Y} is defined to be the
kth smallest number (so there are k — 1 smaller numbers).

i) Showthat for0 <y <1,
®

U<y =Y (D)yma -y )

m=k

(ii) Show that

n n—1
m (m) - (m - 1)
and obtain a similar expression for (n — m) (Trr’l)

Starting from (), show that the probability density function of Yy, is
n—1
k=11 — )=k,
1)y =)
Deduce an expression for fol y*=1(1 — y)n "k dy.

(iii) Find E(Y}) in terms of n and k.



[STEP 3, 2018Q13]

The random variable X takes only non-negative integer values and has probability generating
function G (t). Show that

1
P(X=0or2or4or6..)= E(G(1) +G(-1).

You are now given that X has a Poisson distribution with mean A. Show that
G(t) = e~ -0,

(i) The random variable Y is defined by

N _(kP(X =71), ifr=0,2,4,6, ...,
PY =m) = { 0, otherwise,
where k is an appropriate constant.
Show that the probability generating function of Y is (;ZSS}L);.

Deduce that E(Y) < A for A > 0.
(ii) The random variable Z is defined by

cP(X =71), ifr=20,4,8,12, ...,
0, otherwise,

p(z=r)={

where c is an appropriate constant.

Is E(Z) < A for all positive values of A?
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Section A: Pure Mathematics
[STEP 3, 2019Q1]

The coordinates of a particle at time t are x and y. For t = 0, they satisfy the pair of coupled
differential equations
Xx=-x—ky
y=x-y
where k is a constant. Whent =0,x =1andy = 0.
(i) Letk = 1.Find x and y in terms of t and sketch y as a function of t.

Sketch the path of the particle in the x-y plane, giving the coordinates of the point at which
y is greatest and the coordinates of the point at which x is least.

(ii) Instead, let k = 0. Find x and y in terms of t and sketch the path of the particle in the x-y
plane.

[STEP 3, 2019Q2]

The definition of the derivative f’ of a (differentiable) function f is
fx+h)—fx)
A .

()

f'G) = lim
(i) The function f has derivative f’ and satisfies
fx+y)=fOf W)
for all x and y, and f'(0) = k where k # 0. Show that f(0) = 1.
Using (*), show that f'(x) = kf (x) and find f(x) in terms of x and k.
(i) The function g has derivative g’ and satisfies

gx) +g»)
1+g()g@y)

forall x and y, |g(x)| < 1 forall x, and g'(0) = k where k # 0.

glx+y) =

Find g’ (x) in terms of g(x) and k, and hence find g(x) in terms of x and k.



[STEP 3, 2019Q3]
The matrix A is given by
_(a b
a=% 2)
(i) You are given that the transformation represented by A has a line L, of invariant points

(so that each point on L, is transformed to itself). Let (x, y) be a point on L;. Show that
((a —1D({d-1) - bc)xy =0.

Show further that (a — 1)(d — 1) = bc.
What can be said about A if L; does not pass through the origin?

(ii) By considering the cases b # 0 and b = 0 separately, show that if (a —1)(d — 1) = bc
then the transformation represented by A has a line of invariant points. You should
identify the line in the different cases that arise.

(iii) You are given instead that the transformation represented by A has an invariant line L,
(so that each point on L, is transformed to a point on L,) and that L, does not pass
through the origin. If L, has the form y = mx + k, show that (a — 1)(d — 1) = bc.

[STEP 3, 2019Q4]

The nth degree polynomial P(x) is said to be reflexiveif:

(a) P(x)isofthe form x™ —a;x""1 + a,x™" 2 — --- + (—1)"a,, wheren > 1.

(b) a4,a,,...,a, are real.

(c) the n (not necessarily distinct) roots of the equation P(x) = 0 are a4, a,, ..., a,.
(i) Find all reflexive polynomials of degree less than or equal to 3.
(ii) For areflexive polynomial with n > 3, show that

2a, = —a3 —a% — - —a?.

Deduce that, if all the coefficients of a reflexive polynomial of degree n are integers and
a, # 0,thenn < 3.

(iii) Determine all reflexive polynomials with integer coefficients.

K



[STEP 3, 2019Q5]
(i) Let
X
fX) =—/——,
JxZ+p
where p is a non-zero constant. Sketch the curve y = f(x) for x = 0 in the casep > 0.

(ii) Let

1
[ —
(b2 — y2),[cZ = y2
where b and c are positive constant. Use the substitution y = J;TLH), where p is a suitably

chosen constant, to show that

1
1= dx.
sz + (b2 — c?)x? x

Evaluate

V2 1
f dy.
1 B-yHy2-y?

L 2 + constant.]

1 -
[Note: [ dx = -tan

a?+x?

Hence evaluate

f—l — <
1 2 (94,2 '
5 3y 1)/ 2y 1

(iii) By means of a suitable substitution, evaluate

fl 1

y.
1 2 2
= (By?2—-1)y2y? -1
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[STEP 3, 2019Q6]
The point P in the Argand diagram is represented by the the complex number z, which satisfies
zz*—az* —a‘z+aa* —r?=0.

Here, 7 is a positive real number and r? # a*a. By writing |z — a|? as (z — a)(z — a)*, show
that the locus of P is a circle, C, the radius and the centre of which you should give.

(i) The point Q is repesnted by w and is related to P by w = i Let C' be the locus of Q. Show

that C’ is also a circle, and give its radius and centre.
If C and C’ are the same circle, show that
(lal? —1%)? =1

and that either a is real or a is imaginary. Give sketches to indicate the position of C in
these two cases.

(ii) Suppose instead that the point Q is represented by w, where w = Zi If the locus of Q is C,

is it the case that either a is real or a is imaginary?

[STEP 3, 2019Q7]
The Devil's Curveis given by
y2(? = b?) = x*(x* —a?),
where a and b are positive constants.
(i) Inthe case a = b, sketch the Devil's Curve.
(ii) Now consider the casea =2 and b = V5,and x = 0, y = 0.
(a) Show by considering a quadratic equation in x? that either 0 <y < lory > 2.
(b) Describe the curve very close to and very far from the origin.

(c¢) Find the points at which the tangent to the curve is parallel to the x-axis and the point
at which the tangent to the curve is parallel to the y-axis.

Sketch the Devil's Curve in this case.

(iii) Sketch the Devil's Curve in the case a = 2 and b = /5 again, but with —o0 < x < o and
—00 <y < oo,
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[STEP 3, 2019Q8]

A pyramid has a horizontal rectangular base ABCD and its vertex V is vertically above the
centre of the base. The acute angle between the face AVB and the base is «, the acute angle
between the face BV C and the base is § and the obtuse angle between the faces AVB and BV C
ismT—6.

(i) The edges AB and BC are parallel to the unit vectors i and j, respectively, and the unit
vector Kk is vertical. Find a unit vector that is perpendicular to the face AVB.
Show that
cos 8 = cosa cos .
(ii) The edge BV makes an angle ¢ with the base. Show that
cot? ¢ = cot? a + cot? .
Show also that

cosza+c052[)’—2c0529>2c059—2c0529
1—cos?6 ~  1-—cos?6

cos?¢p =

and deduce that ¢ < 6.



Section B: Mechanics
[STEP 3, 2019Q9]
In this question, i and j are perpendicular unit vectors and j is vertically upwards.

A smooth hemisphere of mass M and radius a rests on a smooth horizontal table with its plane
face in contact with the table. The point A is at the top of the hemisphere and the point O is at
the centre of its plane face.

Initially, a particle P of mass m rests at A. It is then given a small displacement in the positive 1
direction. At a later time t, when the particle is still in contact with the hemisphere, the
hemisphere has been displaced by —siand 2AOP = 6.

(i) Letr be the position vector of the particle at time t with respect to the initial position of O.
Write down an expression for r in terms of @, 8 and s and show that

r= (aé cosf — S‘)i— af sin 6.
Show also that
$=(1—-k)abcos®,
where k = ﬁ, and deduce that
¥ = af(kcos01i— sinbj).
(ii) Show that
ab?(k cos? 6 + sin? 0) = 2g(1 — cos h).

(iii) Attime T, when 8 = a, the particle leaves the hemisphere. By considering the component
of i parallel to the vector sin 81 + k cos 8 j, or otherwise, show that at time T

ab? = gcosa.

. : . 2
Find a cubic equation for cos a and deduce that cos a > 7
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[STEP 3, 2019Q10]

Two identical smooth spheres P and Q can move on a smooth horizontal table. Initially, P
moves with speed u and Q is atrest. Then P collides with Q. The direction of travel of P before
the collision makes an acute angle a with the line joining the centres of P and Q at the moment
of the collision. The coefficient of restitution between P and Q is e where e < 1.

As a result of the collision, P has speed v and @ has speed w, and P is deflected through an
angle 6.

(i) Show that
usina = vsin(a + 98)
and find an expression for w in terms of v, 8 and a.
(ii) Show further that
sin@ = cos(0 + @) sina + e sin(6 + a) cos a
and find an expression for tan 6 in terms of tan a and e.

Find, in terms of e, the maximum value of tan 8 as « varies.



Section C: Probability and Statistics
[STEP 3, 2019Q11]

The number of customers arriving at a builders' merchants each day follows a Poisson
distribution with mean A. Each customer is offered some free sand. The probability of any given
customer taking the free sand is p.

(i) Show thatthe number of customers each day who take sand follows a Poisson distribution
with mean pA.

(i) The merchant has a mass S of sand at the beginning of the day. Each customer who takes
the free sand gets a proportion k of the remaining sand, where 0 < k < 1. Show that by
the end of the day the expected mass of sand taken is

(1—e*PA)s,

(iii) At the beginning of the day, the merchant’s bag of sand contains a large number of grains,
exactly one of which is made from solid gold. At the end of the day, the merchant's assistant
takes a proportion k of the remaining sand. Find the probability that the assistant takes
the golden grain. Comment on the case k = 0 and on the limit k — 1.

In the case pA > 1 find the value of k which maximises the probability that the assistant
takes the golden grain.

[STEP 3, 2019Q12]

The set S is the set of all integers from 1 ton. The set T is the set of all distinct subsets of S,
including the empty set ¢ and S itself. Show that T contains exactly 2" sets.

The sets Ay, A,,...,A, , which are not necessarily distinct, are chosen randomly and
independently from T, and for each k (1 < k < m), the set 4, is equally likely to be any of the
setsinT.

(i) Write down the value of P(1 € A4;).

n
(ii) By considering each integer separately, show that P(4; N 4, = @) = G) .

Flnd P(Al N AZ nAg = @) and P(Al nAz Nn-- N Am = @)
(111) Flnd P(Al g Az), P(Al g Az g Ag) and P(Al g Az g A g Am)
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Section A: Pure Mathematics
[STEP 3, 2020Q1]

For non-negative integers a and b, let

T

I(a,b) = fzcosaxcos bx dx.
0

(i) Show that for positive integers a and b,
a
I(a,b) = ml(a— 1,b - 1)

(ii) Prove by induction on n that for non-negative integers n and m,

T

2 2nn1 2m)! (n + m)!
fzcos"xcos(n +2m+ Dxdx = (—1)™ n! (2m)! (n + m)
0

m (2n+2m+ 1)’

[STEP 3, 2020Q2]
The curve C has equation sinh x + sinhy = 2k, where k is a positive constant.
2
(i) Show that the curve C has no stationary points and that% = 0 at the point (x,y) on the
curve if and only if
1 + sinhxsinhy = 0.

Find the co-ordinates of the points of inflection on the curve C, leaving your answers-in
terms of inverse hyperbolic functions.

(ii) Show thatif (x,y) lies on the curve C and on the line x + y = a, then
e?*(1—e %) —4ke*+(e*—1)=0
and deduce that 1 < cosha < 2k? + 1.

(iii) Sketch the curve C.



[STEP 3, 2020Q3]
Given distinct points A and B in the complex plane, the point G5 is defined to be the centroid
of the triangle ABK, where the point K is the image of B under rotation about A through a

clockwise angle of%n.

Note: if the points P, Q and R are represented in the complex plane by p, ¢ and r, the centroid
of triangle PQR is defined to be the point represented by % (p+q+r).

(i) IfA, B and G,4p are represented in the complex plane by a, b and g,;, show that
1
gab \/g

(wa + w*b),

it

where w = e’s.

(ii) The quadrilateral Q; has vertices 4, B, C and D, in that order, and the quadrilateral Q, has
vertices Gy, Ggc, Gop and Gp,, in that order. Using the result in part(i), show that Q; is a
parallelogram if and only if Q, is a parallelogram.

(iii) The triangle T; has vertices A, B and C and the triangle T, has vertices G45, Ggc, and Ge4.
Using the result in part (i), show that T, is always an equilateral triangle.

[STEP 3, 2020Q4]

The plane II has equation r - i = 0 where fi is a unit vector. Let P be a point with position
vector X which does not lie on the plane I1. Show that the point Q with position vector x —
(x -n)n lies on IT and that PQ is perpendicular to II.

(i) Lettransformation T be a reflection in the plane ax + by + cz = 0, where a? + b% + ¢? =
1.

Show that the image of 1 = ((1)) under T is (bZiEZ;“Z), and find the images of j and k under
0 —2ac

T.

Write down the matrix M which represents transformation T.

0.64 048 0.6
<0.48 0.36 —0.8>

06 —-08 0

(ii) The matrix

represents a reflection in a plane. Find the cartesian equation of the plane.
(iii) The matrix N represents a rotation through angle m about the line through the origin

parallel to (Z), where a? + b? + ¢? = 1. Find the matrix N.

c

(iv) Identify the single transformation which is represented by the matrix NM.
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[STEP 3, 2020Q5]

n-r,,r—1

Show that for positive integer n, x™ —y™ = (x —y) X', x" "y

(i) LetF be defined by

1
F(X):m for x # 0,k

when n is a positive integer and k # 0.

(a) Given that

A
Fe0 =i

)

where A is a constant and f(x) is a polynomial, show that

=== 6))

Deduce that

= 1 12": 1
=k k L T
r=

(b) By differentiating x"F(x), prove that

1 _ 1 n 4 Zn: n—r
xm(x — k)2 kMx—k)2 xk"(x—k) 4 knt1-Tyr+l
r=

(ii) Hence evaluate the limit of

L) 1
—d
,[2 x3(x —1)2 x

as N — oo, justifying your answer.
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[STEP 3, 2020Q6]
(i) Sketch the curve y = cosx + v cos 2x for — %n <x< %n.

(ii) The equation of curve C; in polar co-ordinates is

1 1
r = cos 8 + Vcos 26 —ZT[SHSZT[.
Sketch the curve C;.
(iii) The equation of curve C, in polar co-ordinates is
1 1
2 —2rcosf +sin?8 = 0 —ZT[SQSZn.

Find the value of r when 6 = + %n.

Show that, when r is small, r = %92.

Sketch the curve C,, indicating clearly the behaviour of the curve near r = 0 and near 8 =

+1

T —T
4

s

Show that the area enclosed by curve C, and above the line 8 = 0 is i

[STEP 3, 2020Q7]

(i) Given that the variables x, y and u are connected by the differential equations

X Fu = h) ¢ Ligeoy=
T f()u=h(x an o T9y =u,
show that
d?y dy .,
2+ )T+ (9'@ +FRg®)y = h(0). (0
(ii) Given that the differential equation
d2y+(1+4)dy+(2+2) = 4x +12 @)
dx? xdx T \x Tx2)V T
can be written in the same form as (1), find a first order differential equation which is
satisfied by g(x).

If g(x) = kx™, find a possible value of n and the corresponding value of k.

Hence find a solution of (2) with y = 5 and % =—-3atx=1.

STEP 3 Past Paper 2020 5



[STEP 3, 2020Q8]
A sequence uy, for integer k > 1, is defined as follows.

u1=1
Uy = Uy fork =1
Uppyq = Ug FUpq fork =1

(i) Show that, for every pair of consecutive terms of this sequence, except the first pair, the
term with odd subscript is larger than the term with even subscript.

(ii) Suppose that two consecutive terms in this sequence have a common factor greater than
one. Show that there are then two consecutive terms earlier in the sequence which have
the same common factor. Deduce that any two consecutive terms in this sequence are co-
prime (do not have a common factor greater than one).

(iii) Prove that it is not possible for two positive integers to appear consecutively in the same
order in two different places in the sequence.

(iv) Suppose that a and b are two co-prime positive integers which do not occur consecutively
in the sequence with b following a. If a > b, show that a — b and b are two co-prime
positive integers which do not occur consecutively in the sequence with b following a — b,
and whose sum is smaller than a + b. Find a similar result for a < b.

(v) For each integer n > 1, define the function f from the positive integers to the positive

rational numbers by f(n) = uu"

Show that the range of f is all the positive rational

n+1
numbers, and that f has an inverse.



Section B: Mechanics
[STEP 3, 2020Q9]

Two inclined planes [1; and I1, meetin a horizontal line at the lowest points of both planes and
lie on either side of this line. [1; and [T, make angles of @ and S, respectively, to the horizontal,

1
where0<ﬁ<a<5ﬂ.

A uniform rigid rod PQ of mass m rests with P lying on I1; and Q lying on II, so that the rod
lies in a vertical plane perpendicular to I1; and I1, with P higher than Q.

(i) It is given that both planes are smooth and that the rod makes an angle 8 with the
horizontal. Show that 2 tan 8§ = cotf8 — cota.

(ii) Itis given instead that I1; is smooth, that I, is rough with coefficient of friction y and that
the rod makes an angle ¢ with the horizontal. Given that the rod is in limiting equilibrium,
with P about to slip down the plane I1;, show that

U
(u + tanB) sin 28

where 8 is the angle satisfying 2 tan 8§ = cot§ — cota.

tanf —tan¢ =
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[STEP 3, 2020Q10]

A light elastic spring AB, of natural length a and modulus of elasticity kg, hangs vertically
with one end A attached to a fixed point. A particle of mass m is attached to the other end B.
The particle is held at rest so that AB > a and is released.

Find the equation of motion of the particle and deduce that the particle oscillates vertically.
If the period of oscillation is %n, show that kg = aQ?.

Suppose instead that the particle, still attached to B, lies on a horizontal platform which

performs simple harmonic motion vertically with amplitude b and period %T

At the lowest point of its oscillation, the platform is a distance h below A.

Let x be the distance of the particle above the lowest point of the oscillation of the platform.
When the particle is in contact with the platform, show that the upward force on the particle
from the platform is
mg + mQ?(a + x — h) + mw?(b — x).

Given that w < Q, show that, if the particle remains in contact with the platform throughoutits
motion,

h < (1 + 1) + b

<a T 0

Find the corresponding inequality if w > ().

Hence show that, if the particle remains in contact with the platform throughout its motion, it
is necessary that

1

whatever the value of w.



Section C: Probability and Statistics
[STEP 3, 2020Q11]
The continuous random variable X is uniformly distributed on [a, b] where 0 < a < b.
(i) Let f be a function defined for all x € [a, b]
e with f(a) =band f(b) =a,
e which is strictly decreasing on [a, b],
e for which f(x) = f~1(x) forall x € [a, b].
The random variable Y is defined by Y = f(X). Show that

bh—
PY<y)= ﬂ for y € [a, b].
b—a
Find the probability density function for Y and hence show that
b
2
E(Y?) = —ab + :’:(x) dx.

a
(ii) The random variable Z is defined by% + % = %Where% = % + %. By finding the variance of

Z, show that

b—c b—a
ln( >< .

a—=c¢ Cc

[STEP 3, 2020Q12]

A and B both toss the same biased coin. The probability that the coin shows heads is p, where
0 < p < 1, and the probability that it shows tailsisq = 1 — p.

Let X be the number of times A4 tosses the coin until it shows heads. Let Y be the number of
times B tosses the coin until it shows heads.

(i) Therandom variable S is defined by S = X + Y and the random variable T is the maximum
of X and Y. Find an expression for P(S = s) and show that

P(T=0)=pq"'2—-q"" —q").

(ii) The random variable U is defined by U = |[X — Y|, and the random variable W is the
minimum of X and Y. Find expressions for P(U = u) and P(W = w).

(iii) Show that P(§ = 2and T = 3) # P(S§ = 2) X P(T = 3).

(iv) Show that U and W are independent, and show that no other pair of the four variables S,
T, U and W are independent.
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Section A: Pure Mathematics

[STEP 3, 2021Q1]

@

(i)

A curve has parametric equations
x =—4cos3t,y =12sint — 4sin3t.
Find the equation of the normal to this curve at the point
(—4cos3 ¢,12sin¢ — 4sin3 ¢),
where 0 < ¢ < %1‘[.

Verify that this normal is a tangent to the curve

(SR
(SR

x3+y3=4
at the point (8 cos3 ¢, 8 sin3 ¢).
A curve has parametric equations
x =cost+tsint,y =sint —tcost.
Find the equation of the normal to this curve at the point
(cos¢p + ¢psing,sinp — ¢ cos ¢p),
where 0 < ¢ < %1‘[.

Determine the perpendicular distance from the origin to this normal, and hence find he
equation of a curve, independent of ¢, to which this normal is a tangent.



[STEP 3, 2021Q2]
(i) Let

a b c

b—c'y=c—a a—b’

where a, b and c¢ are distinct real numbers.

2 ¥ )66

and use this result to deduce that yz + zx + xy = —1.

X =

Show that

Hence show that

a® b? c?
G- c-af @2~
(ii) Let
2a 2b 2c
*Thr+ce? T cra andz=a+b,

where a, b and c are positive real numbers.

Using a suitable matrix, show that xyz + yz + zx + xy = 4.

Hence show that
Ra+b+c)(a+2b+c)(a+b+2c)>5(Mb+c)(c+a)a+b).

Show further that
QRa+b+c)(a+2b+c)(a+b+2c)>7(b+c)(c+a)a+b).

[STEP 3, 2021Q3]
(i) Letl, = foﬁ(secx + tan x)™ dx, where n is a non-negative integer and 0 < § < g

Forn > 1, show that

1 1
E(Inﬂ +1,_1)= E(secﬁ +tanp)" — 1.

Show also that
1
I, < - ((secp +tanp)™ —1).

(ii) Letj, = foﬁ(secx cos 8 + tan x)™ dx, where n is a non-negative integer and 0 < 8 < g

Forn > 1, show that

Jn < %((1 + tan )™ — cos™ B).
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[STEP 3, 2021Q4]

Let i be a vector of unit length and I1 be the plane through the origin perpendicular to fi. For
any vector X, the projection of x onto the plane Il is defined to be the vector x — (x. )i .

The vectors a and b each have unit length and the angle between them is 6, which satisfies 0 <
0 < m. The vector m is given by m = %(ﬁ + i)).
(i) Show that m bisects the angle between 4 and b.

(ii) The vector ¢ also has unit length. The angle between 4 and ¢ is @, and the angle between b
and ¢€ is . Both angles are acute and non-zero.

Let 4; and b, be the projections of 4 and b, respectively, onto the plane through the origin
perpendicular to é. Show that 4;.¢é = 0 and, by considering |4,|?> = 4,.4;, show that
|a;| = sina.

Show also that the angle ¢ between 4, and b satisfies

cosf — cosacosf

cos¢p =
¢ sina sin 8

(iii) Let m; be the projection of m onto the plane through the origin perpendicular to €.
Show that m, bisects the angle between 4; and b, if and only if

a = forcosf = cos(a — ).

[STEP 3, 2021Q5]

Two curves have polar equationsr = a +2cosf and r = 2 + cos 26, wherer = 0and a is a
constant.

(i) Show that these curves meet when
2cos’8 —2cosf@+1—a=0.
Hence show that these curves touch if a = %and find the other two values of a for which
the curves touch.

(ii) Sketch the curvesr = a + 2cos6@ and r = 2 + cos 26 on the same diagram in the case a =
%. Give the values of r and 6 at the points at which the curves touch and justify the other
features you show on your sketch.

(iii) On two further diagrams, one for each of the other two values of a, sketch both the curves

r=a+ 2cosf and r = 2 + cos 26. Give the values of r and 6 at the points at which the
curves touch and justify the other features you show on your sketch.



[STEP 3, 2021Q6]
(i) For x # tan a, the function f, is defined by

) = tan~t (2

tana — x
where 0 < a < %1‘[.

1
1+x2°

Show that f,(x) =
Hence sketch y = f,(x).
On a separate diagram, sketch y = f,(x) — fg(x) where 0 < a < < %n.
(ii) For0 <x <2mandx # %n, %‘IT, the function g(x) is defined by
g(x) = tanh™1(sinx) — sinh~(tan x).
For%n <x< %1‘[, show that g'(x) = 2 secx.

Use this result to sketch y = g(x) for 0 < x < 2m.
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[STEP 3, 2021Q7]
(i) Let

elf 4+ ei¢
Z=506 _ oo’

where 6 and ¢ are real, and 8 — ¢ # 2nm for any integer n. Show that
1
z= icot<§(¢ — 6))

and give expressions for the modulus and argument of z.

(ii) The distinct points A and B lie on a circle with radius 1 and centre O. In the complex plane,
A and B are represented by the complex numbers a and b, and O is at the origin. The point
X is represented by the complex number x, where x = a + b and a + b # 0. Show that 0X
is perpendicular to AB.

If the distinct points 4, B and C in the complex plane, which are represented by the complex
numbers a, b and c, lie on a circle with radius 1 and centre O0,and h = a + b + c represents the
point H, then H is said to be the orthocentre of the triangle ABC.

(iii) The distinct points 4, B and C lie on a circle with radius 1 and centre O. In the complex
plane, A, B and C are represented by the complex numbers a, b and ¢, and O is at the
origin.

Show that, if the point H, represented by the complex number h, is the orthocentre of the
triangle ABC, then either h = a or AH is perpendicular to BC.

(iv) Thedistinct points 4, B, € and D (in that order, anticlockwise) all lie on a circle with radius
1 and centre 0. The points P, @, R and S are the orthocentres of the triangles ABC, BCD,
CDA and DAB, respectively. By considering the midpoint of AQ, show that there is a single
transformation which maps the quadrilateral ABCD on to the quadrilateral QRSP and
describe this transformation fully.



[STEP 3, 2021Q8]
A sequence Xy, X5, ... of real numbers is defined by x,, ,; = x2 — 2 forn > 1 and x; = a.
(i) Showthatifa > 2thenx, =2+ 4" 1(a— 2).
(ii) Show also thatx,, — o asn — o if and only if |a| > 2.
(iii) When a > 2, a second sequence y;, y,, ... is defined by
_Ax X Xy

B —
Xn+1

where A is a positive constantand n > 1.

Prove that, for a certain value of a, with a > 2, which you should find in terms of 4,

2
y, = Xn+1 4
=
Xn+1

foralln > 1.

Determine whether, for this value of a, the second sequence converges.
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Section B: Mechanics

[STEP 3, 2021Q9]

An equilateral triangle ABC has sides of length a. The points P, Q and R lie on the sides BC, CA
and AB, respectively, such that the length BP is x and QR is parallel to CB. Show that

(\/§ cot¢ + 1)(\/§ cotd + 1)x =4(a—x),
where 8 = 2CPQ and ¢p = 2BRP.
A horizontal triangular frame with sides of length a and vertices A, B and C is fixed on a
smooth horizontal table. A small ball is placed at a point P inside the frame, in contact with side
BC atadistance x from B. It is struck so that it moves round the triangle PQR described above,

bouncing off the frame at Q and then R before returning to point P. The frame is smooth and
the coefficient of restitution between the ball and the frame is e.

Show that

ae
X = .
1+e

Show further that if the ball continues to move round PQR after returning to P, thene = 1.

[STEP 3, 2021Q10]

The origin O of coordinates lies on a smooth horizontal table and the x- and y-axes lie in the
plane of the table. A cylinder of radius a is fixed to the table with its axis perpendicular to the
x-y plane and passing through O, and with its lower circular end lying on the table. One end, P,
of a light inextensible string PQ of length b is attached to the bottom edge of the cylinder at
(a, 0). The other end, Q, is attached to a particle of mass m, which rests on the table.

Initially PQ is straight and perpendicular to the radius of the cylinder at P, so that Q is at (a, b).
The particle is then given a horizontal impulse parallel to the x -axis so that the string
immediately begins to wrap around the cylinder. At time t, the part of the string that is still
straight has rotated through an angle 8, where a6 < b.

(i) Obtain the Cartesian coordinates of the particle at this time.
Find also an expression for the speed of the particle in terms of 8, 6, a and b.
(ii) Show that
(b —ab) =,
where u is the initial speed of the particle.
(iii) Show further that the tension in the string at time t is

mu?

VbZ = 2aut



Section C: Probability and Statistics
[STEP 3, 2021Q11]
The continuous random variable X has probability density function

(e, forx > 0,
fe) = { 0, otherwise,

where A is a positive constant.
The random variable Y is the greatest integer less than or equal to X,and Z = X - Y.
(i) Show that, for any non-negative integer n,
P(Y =n) = (1 — e_l)e_"l.
(ii) Show that

—-Az

P(Z<z)=1_—ee_lforOSZS1.
(iii) Evaluate E(Z).
(iv) Obtain an expression for
P(Y =nandz, <Z < z,),
where 0 < z; < z; £ 1 and n is a non-negativeinteger.

Determine whether Y and Z are independent.
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[STEP 3, 2021Q12]

M

In a game, each member of a team of n players rolls a fair six-sided die.

The total score of the team is the number of pairs of players rolling the same number. For
example, if 7 playersroll 3, 3, 3, 3, 6, 6, 2 the total score is 7, as six different pairs of players
both score 3 and one pair of players both score 6.

Let X;j, for 1 < i <j < n, be the random variable that takes the value 1 if players i and j
roll the same number and the value 0 otherwise.

Show that X;, is independent of X,5.

Hence find the mean and variance of the team'’s total score.

(ii) Show that, if ¥}, for 1 < i < m, are random variables with mean zero, then

m m-1 m

Var(Y; + Y, + -+ V) = 2 E(Y?)+2 2 2 E(Y;Y;).

i=1 =1 j=i+1

(iii) In a different game, each member of a team of n players rolls a fair six-sided die.

The total score of the team is the number of pairs of players rolling the same even number
minus the number of pairs of players rolling the same odd number. For example, if 7
players roll 3, 3, 3, 3, 6, 6,2 the total score is —5.

Let Z;j, for 1 < i <j < n, be the random variable that takes the value 1 if players i and j
roll the same even number, the value —1 if players i and j roll the same odd number and
the value 0 otherwise.

Show that Z;, is not independent of Z,5.

Find the mean of the team’s total score and show that the variance of the team’s total score

is L2 —
is 36n(n 1).
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Section A: Pure Mathematics
[STEP 3, 2022Q1]

Let C; be the curve given by the parametric equations

where ¢ > 0 and t # 0, and let C, be the circle
(x—a)?+ (y—-b)? =12

C; and C, intersect at the four points P; (i = 1,2, 3,4), and the corresponding values of the
parameter t at these points are t;.

(i) Show thatt; are the roots of the equation
c?t* —2act® + (a®> + b? —r)t2 —2bct +c2 =0. (%)
(ii) Show that

4

2
Ztiz =—(a*-b*+1?)
_ c
i=1
1

and find a similar expression for Z;th—z .
i

111) Hence show that ),;_ 7 = 4r<°,where OP; denotes the distance of the point P; from the

iii) H how that $'#, OP? = 4%, where OP; d he di fthe point P; from th
origin.

iv) Suppose that the curves C; an touch at two distinct points.

iv) Supp hat th Cyand G, h distinct poi

By considering the product of the roots of (), or otherwise, show that the centre of circle
C, must lie on either the liney = xory = —x.

[STEP 3, 2022Q2]

(i) Suppose that there are three non-zero integers a, b and ¢ for which a® + 2b3 + 4¢3 = 0.
Explain why there must exist an integer p, with |p| < |al, such that 4p3 + b3 + 2¢3 = 0,
and show further that there must exist integers p, g and r, with |p| < |a|, |q| < |b| and
|| < |c|, such that p3 + 2q3 + 4r3 = 0. Deduce that no such integers a, b and ¢ can exist.

(ii) Prove that there are no non-zero integers a, b and ¢ for which 9a® + 10b3 + 6¢3 = 0.

(iii) By considering the expression (3n 4 1)2, prove that, unless an integer is a multiple of
three, its square is one more than a multiple of 3. Deduce that the sum of the squares of
two integers can only be a multiple of three if each of the integers is a multiple of three.

Hence prove that there are no non-zero integers a, b and ¢ for which a® + b? = 3c?.

(iv) Prove that there are no non-zero integers a, b and ¢ for which a? + b? + ¢? = 4abc.
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[STEP 3, 2022Q3]
(i) The curve C; has equation
ax®+bxy +cy? =1
where abc # 0 and a > 0.
Show that, if the curve has two stationary points, then b? < 4ac.
(ii) The curve C, has equation
ay® + bx?y+cx =1
where abc # 0and b > 0.
Show that the x-coordinates of stationary points on this curve satisfy
4ch3x* —8b3x3 —ac3 = 0.
Show that, if the curve has two stationary points, then 4ac® + 27b3 > 0.
(iii) Consider the simultaneous equations

ay® + bx?y+cx =1
2bxy+c=0
3ay? +bx? =0

where abc # 0 and b > 0.

Show that, if these simultaneous equations have a solution, then 4ac® + 27b3% = 0.
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[STEP 3, 2022Q4]
You may assume that all infinite sums and products in this question converge.

(i) Prove by induction that for all positive integers n,

sinhx = 2™ cosh (;) cosh G) -« cosh (Zx—n) sinh (Zx—n)

and deduce that, for x # 0,

(ii) You are given that the Maclaurin series for sinh x is

- i x2r+1
sinhx = _—
@r+1)!
r=0
Use this result to show that, as y tends to 0, Si:hy tends to 1.

Deduce that, for x # 0,

sir;h ad = cosh (g) cosh G) .=« cosh (Zx—n)

(iii) Let x = In 2. Evaluate cosh (g) and show that

1
cosh (E) = l : 2; .

Use part (ii) to show that

S 1 1
1 1+22 1+24 1428

2. 2 T2 XT3

—

(iv) Show that

V2 242 2+V2+V2
X
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[STEP 3, 2022Q5]
(i) Show that

a 1
Ja1+exdx=a foralla = 0.
(ii) Explain why, if g is a continuous function and
a
f gx)dx =0 foralla = 0.
0

then g(x) = 0 forall x > 0.

Let f be a continuous function with f(x) > 0 for all x. Show that
[
————dx =a foralla=0
a1+ f(x)
if and only if
1 N 1

1+f(0) 1+ f(=x)

and hence if and only if f(x)f(—x) = 1 for all x.

—1=0 foralla=0.

(iii) Let f be a continuous function such that, forall x, f(x) > 0 and f(x)f(—x) = 1. Show that,
if h is a continuous function with h(x) = h(—x) for all x, then

f_il-ill-(]icz )dx—f h(x) dx.

(iv) Hence find the exact value of

N[
E]

e *cosx

I

coshx

N =
A
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[STEP 3, 2022Q6]

2

(i) Show that when «a is small, cos(8 + a) — cos8 = —asin 6 — %a cos@.

Find the limit as a — 0 of

sin(f + a) — sin @
cos(6 + a) —cos@

Q)

in the case sin8 # 0.
In the case sin 8 = 0, what happens to the value of expression (*) when a — 0?

(ii) Acircle C; of radius a rolls without slipping in an anti-clockwise direction on a fixed circle
C, with centre at the origin O and radius (n — 1)a, where n is an integer greater than 2.
The point P is fixed on C;. Initially the centre of C; is at (na, 0) and P is at ((n + 1)a, 0).

(a) LetQ be the point of contact of C; and C, at any time in the rolling motion. Show that
when 0Q makes an angle 8, measured anticlockwise, with the positive x-axis, the x-
coordinate of P is x(8) = a(n cos 6 + cosnh), and find the corresponding expression
for the y-coordinate, y (@), of P.

(b) Find the values of 6 for which the distance OP is (n — 1)a.
(c) Letfy = ﬁn. Find the limit as ¢ = 0 of

y(6o + a) —y(6y)
x(0p + a) —x(6y)

Hence show that, at the point (x(@o), y(BO)), the tangent to the curve traced out by P
is parallel to OP.



[STEP 3, 2022Q7]

Let n be a vector of unit length in three dimensions. For each vector r, f(r) is defined by f(r) =
nxr.

(i) Given that

a X
n= (b) andr = <y>
C Z

show that the x-component of f(f(r)) is —x(b? + ¢?) + aby + acz. Show further that
f(f(r)) = (m.r)n—r.
Explain, by means of a diagram, how f(f(r)) isrelated ton andr.

(ii) Let R be the point with position vector r and P be the point with position vector g(r),
where g is defined by

g(s) =s+sinb f(s) + (1 — cos H)f(f(s)).

By considering g(n) and g(r) when r is perpendicular to n, state, with justification, the
geometric transformation which maps R onto P.

(iii) Let R be the point with position vector r and Q be the point with position vector h(r),
where h is defined by

h(s) = —s — 2f(f(s)).

State, with justification, the geometric transformation which maps R onto Q.

[STEP 3, 2022Q8]
(i) Use De Moivre’s theorem to prove that for any positive integer k > 1,
_ _ k k
sin(k®) = sin 6 cos*~1 0 (k — <3) (sec?6 —1) + <5> (sec?6 —1)% — )

and find a similar expression for cos(k8).

(ii) Letd = cos™? (%), where 6 is measured in degrees, and a is an odd integer greater than 1.
Suppose that there is a positive integer k such that sin(k8) = 0 and sin(m8) # 0 for all
integers m with 0 < m < k.

Show that it would be necessary to have k even and cos (% ké?) =0.
Deduce that 8 is irrational.

(iii) Show that if ¢ = cot™? (%), where ¢ is measured in degrees, and b is an even integer

greater than 1, then ¢ is irrational.
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Section B: Mechanics
[STEP 3, 2022Q9]

(i) Two particles A and B, of masses m and km respectively, lie at rest on a smooth horizontal
surface. The coefficient of restitution between the particles is e, where 0 < e < 1. Particle
A is then projected directly towards particle B with speed u.

Let v; and v, be the velocities of particles A and B, respectively, after the collision, in the
direction of the initial velocity of A.

1-ke 1+e
Show that v; = au and v, = fu, where a = ey and = PeL

Particle B strikes a vertical wall which is perpendicular to its direction of motion and a
distance D from the point of collision with 4, and rebounds. The coefficient of restitution
between particle B and the wall is also e.

1+e—e?
e(2e+1)

Show that, if A and B collide for a second time at a point % D from thewall, then k =

(ii) Three particles 4, B and C, of masses m, km and k?m respectively, lie at rest on a smooth
horizontal surface in a straight line, with B between A and C. A vertical wall is
perpendicular to this line and lies on the side of C away from A and B. The distance
between B and C is equal to d and the distance between C and the wall is equal to 3d. The
coefficient of restitution between each pair of particles, and between particle C and the
wall, is e, where 0 < e < 1. Particle A is then projected directly towards particle B with
speed u.

Show that, if all three particles collide simultaneously at a point % d from the wall, then'e'=
1

>

[STEP 3, 2022Q10]

Two light elastic springs each have natural length a. One end of each spring is attached to a
particle P of weight W. The other ends of the springs are attached to the end-points, B and C,
of a fixed horizontal bar BC of length 2a. The moduli of elasticity of the springs PB and PC are
s;W and s, W respectively; these values are such that the particle P hangs in equilibrium with
angle BPC equal to 90°.

sin@
2cosf0-1

(i) Letangle PBC = 0.Show thats; = and find s, in terms of 6.

(ii) Take the zero level of gravitational potential energy to be the horizontal bar BC and let the
total potential energy of the system be —pal/. Show that p satisfies

%ﬁ2p>%(1+\/§)

and hence that p = 0.7, correct to one significant figure.



Section C: Probability and Statistics
[STEP 3, 2022Q11]

A fair coinis tossed N times and the random variable X records the number of heads. The mean

deviation, &, of X is defined by
& =E(X —ul)
where p is the mean of X.
(i) Let N = 2n where n is a positive integer.
(2) Show thatP(X <n—1) = (1—P(X =n)).

(b) Show that

n-—1
2n 1
- 200 ()
r=0

(¢) Show thatforr > 0,

Hence show that

n /2n
6=ﬁ<n)'

(ii) Find a similar expression for § in the case N = 2n + 1.
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[STEP 3, 2022Q12]

(i) The point A lies on the circumference of a circle of radius a and centre 0. The point B is
chosen at random on the circumference, so that the angle AOB has a uniform distribution
on [0, 2]. Find the expected length of the chord AB.

(ii) The point C is chosen at random in the interior of a circle of radius a and centre 0, so that
the probability that it lies in any given region is proportional to the area of the region. The
random variable R is defined as the distance between C and O.

Find the probability density function of R.

Obtain a formula in terms of a, R and ¢ for the length of a chord through C that makes an
acute angle of t with OC.

Show that as C varies (with t fixed), the expected length L(t) of such chords is given by
4a(1 — cos3t)

L®) = 3sin?t
Show further that
L(t) = ta (cos t+ lsec2 (l t))
3 2 2

(iii) The random variable T is uniformly distributed on [0, % T[]. Find the expected value of L(T).
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Section A: Pure Mathematics
[STEP 3, 2023Q1]
The distinct points P(2ap, ap?) and Q(2aq, aq?) lie on the curve x? = 4ay, where a > 0.
(i) Given that
P+9)?=p’¢*+6pg+5 (%)

show that the line through P and Q is a tangent to the circle with centre (0,3a) and radius
2a.

(ii) Show that, for any given value of p with p? # 1, there are two distinct real values of g that
satisfy equation ().

Let these values be g, and g,. Find expressions, in terms of p, for q; + g, and g, q,.

(iii) Show that, for any given value of p with p? # 1, there is a triangle with one vertex at P
such that all three vertices lie on the curve x? = 4ay and all three sides are tangents to the
circle with centre (0,3a) and radius 2a.
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[STEP 3, 2023Q2]
The polar curves C; and C, are defined for 0 < 6 < 1 by

r =k(1+sinf)
r=k+ cosf

respectively, where k is a constant greater than 1.
(i) Sketch the curves on the same diagram. Show that if 8 = «a at the point where the curves
intersect, tana = i
(ii) The region A is defined by the inequalities
0<0<a and 7r<k(1+sind).

Show that the area of A can be written as

2

T(Sa —sina cosa) + k?(1 — cos a).

(iii) The region B is defined by the inequalities
a<f0<mnm and r<k+cos6.
Find an expression in terms of k and « for the area of B.

(iv) The total area of regions A and B is denoted by R. The area of the region enclosed by C;
and the lines 8 = 0 and 8 = mis denoted by S. The area of the region enclosed by C, and
thelines 8 = 0 and § = mis denoted by T.

Show that as k — oo,

and find the limit of

wn| X

as k — oo.
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[STEP 3, 2023Q3]

(i) Show that, if a and b are complex numbers, with b # 0, and s is a positive real number,
then the points in the Argand diagram representing the complex numbers a + sbi, a — sbi
and a + b form an isosceles triangle.

Given three points which form an isosceles triangle in the Argand diagram, explain with
the aid of a diagram how to determine the values of a, b and s so that the vertices of the
triangle represent complex numbers a + sbi, a — shiand a + b.

(ii) Show that, if the roots of the equation z3 + pz 4+ q = 0, where p and q are complex
numbers, are represented in the Argand diagram by the vertices of an isosceles triangle,
then there is a non-zero real number s such that

p®  27(3s*-1)°

g2 4(9s2+4+1)2°

(3x-1)3

(iii) Sketch the graphy = (Oxr1)2’

identifying any stationary points.

(iv) Show that if the roots of the equation z3 + pz + q = 0 are represented in the Argand

27

3 3
diagram by the vertices of an isosceles triangle then Z—Z is a real number and % > =

[STEP 3, 2023Q4]
Let n be a positive integer. The polynomial p is defined by the identity
p(cos @) = cos((Zn + 1)9) + 1.
(i) Show that

n
COS((ZTL + 1)9) = z (an;}- 1) cos2™1=2T 9 (cos? § — 1)7.
r=0

(ii) By considering the expansion of (1 + t)2"*1 for suitable values of t, show that the

2n+1 in the polynomial p(x) is 2™

coefficient of x
(iii) Show that the coefficient of x2*~ ! in the polynomial p(x) is —(2n + 1)22"72,
(iv) Itis given that there exists a polynomial g such that
p(x) = (x + D[q)]?

and the coefficient of x™ in q(x) is greater than 0.

Write down the coefficient of x™ in the polynomial q(x) and, for n = 2, show that the
coefficient of x™2 in the polynomial q(x) is

2n2(1 — 7).
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[STEP 3, 2023Q5]
(i) Show that if

R | =
+
<IN
NN

then 2x —7)(y — 7) = 49.
By considering the factors of 49, find all the pairs of positive integers x and y such that

1 2 2

x y 7
(ii) Letp and q be prime numbers such that
p*+pq+q®=n?
where n is a positive integer. Show that
(p+tq+nm)p+q—n)=pq
and hence explainwhyp + g =n + 1.
Hence find the possible values of p and gq.
(iii) Let p and q be positive and
p3 + q3 + 3pq? = nd.
Showthatp+g—n<pandp+q—n<aq.

Show that there are no prime numbers p and g such that p3 + g3 + 3pq? is the cube of an
integer.

[STEP 3, 2023Q6]
(i) By considering the Maclaurin series for e*, show that for all real x,
cosh?x > 1 + x2.

Hence show that the function f, defined for all real x by f(x) = tan™! x — tanh x, is an
increasing function.

Sketch the graph y = f(x).
(ii) Function g is defined for all real x by g(x) = tan™1x — %ntanh X.
(a) Show that g has at least two stationary points.

(b) Show, by considering its derivative, that (1 + x?) sinh x — x cosh x is non-negative for
x=0.

cosh?x , . . .
(¢) Show that T,z \sanincreasing function for x > 0.

(d) Hence or otherwise show that g has exactly two stationary points.

(e) Sketch the graphy = g(x).
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[STEP 3, 2023Q7]

(i) Let f be a continuous function defined for 0 < x < 1. Show that

1 1
f f(\/E) dx = 2f xf(x) dx.
0 0

(ii) Let g be a continuous function defined for 0 < x < 1 such that

J:(g(x))z dx = folg(\/}) dx — %

Show that fol(g(x) — x)?dx = 0 and explain why g(x) = x for 0 < x < 1.

(iii) Let h be a continuous function defined for 0 < x < 1 with derivative h’ such that

1 5 1 1
f (h’(x)) dx = 2h(1) — ZJ h(x)dx —=.
0 0 3

Given that h(0) = 0, find h.
(iv) Let k be a continuous function defined for 0 < x < 1 and a be a real number, such that

11

1 1
foea"(k(x))z dx = ZL k(x) dx+e7—§—z.

Show that a must be equal to 2 and find k.



[STEP 3, 2023Q8]
If

_(ky(x) x<b
_{kz(x) x=b

with k;(b) = k,(b), then y is said to be continuously differentiable at x = b if k1 (b) = k5 (b).

(i) Let f(x) = xe™™. Verify that, for all real x,y = f(x) is a solution to the differential
equation

d’y _dy
22 4+y=0
w2 Tl Y

and thaty = Oandj—i= 1 whenx = 0.

Show that f'(x) = 0 for x < 1.

(ii) You are given the differential equation

& 2|| =0

dx? d
wherey = Oandj—i = 1whenx = 0. Let

_{gl(x) x<1

() x21

be a solution of the differential equation which is continuously differentiable at x = 1.
Write down an expression for g; (x) and find an expression for g, (x).
(iii) State the geometrical relationship between the curves y = g;(x) and y = g, (x).

(iv) Prove thatif y = k(x) is a solution of the differential equation

d’y  dy
. -4 = =0
dx? +p dx tay

in the interval r < x < s, where p and g are constants, then, in a suitable interval which
you should state, y = k(c — x) satisfies the differential equation

d’y  dy
— —p—— = 0.
a2 Plax +ay
(v) You are given the differential equation
d

2 2y =0
ot |d |2y
wherey=0andg—i=1whenx=0.

X (1
Let h(x) = e* sinx. Show that h (Zn)=0.

It is given that y = h(x) satisfies the differential equation in the interval — %‘IT <x<3im

4
and that h'(x) > 0 in this interval.

In a solution to the differential equation which is continuously differentiable at (n + %) T

for alln € Z, find y in terms of x in the intervals
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Section B: Mechanics
[STEP 3, 2023Q9]

Two particles, A of mass m and B of mass M, are fixed to the ends of a light inextensible string
AB of length r and lie on a smooth horizontal plane. The origin of coordinates and the x- and
y-axes are in the plane.

Initially, A is at (0,0) and B is (r,0). B is at rest and A is given an instantaneous velocity of
magnitude u in the positive y direction.

At a time t after this, A has position (x,y) and B has position (X,Y). You may assume that, in
the subsequent motion, the string remains taut.

(i) Explain by means of a diagram why

X=x+rcosf
Y=y—rsinf

where 8 is the angle clockwise from the positive x-axis of the vector AB.
(ii) Find expressions for X,Y, X and Y in terms of X, , X, y,7, 6, 0 and 6, as appropriate.
Assume that the tension T in the string is the only force acting on either particle.
(iii) Show that

Xsinf + ycosf =0
Xsinf+Ycosf =0

ut

and hence that 0 = g

(iv) Show that

m¥+MX =0
my + MY =0

and find my 4+ MY in terms of t and m, M, u, r as appropriate.

(v) Show that
1 . [ut
y=——"— <mut + Mr sin (—)) f
m+ r

(vi) Show that, if M > m, then the y component of the velocity of particle A will be negative at
some time in the subsequent motion.



[STEP 3, 2023Q10]

A thin uniform beam AB has mass 3m and length 2h. End A rests on rough horizontal ground
and the beam makes an angle of 2 to the vertical, supported by a light inextensible string
attached to end B. The coefficient of friction between the beam and the ground at 4 is p.

The string passes over a small frictionless pulley fixed to a point € which is a distance 2h
vertically above A. A particle of mass km, where k < 3, is attached to the other end of the string
and hangs freely.

(i) Given that the system is in equilibrium, find an expression for k in terms of § and show

9 2
that k? < ——.
u=+1

(ii) A particle of mass m is now fixed to the beam at a distance xh from A, where 0 < x < 2.
Given that k = 2, and that the system is in equilibrium, show that
F? 3 x>+ 6x+5
N2~ 4(x+2)? "’
where F is the frictional force and N is the normal reaction on the beam at A.

N B . . o .
By considering 3~ v or otherwise, find the minimum value of u for which the beam can

be in equilibrium whatever the value of x.
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Section C: Probability and Statistics
[STEP 3, 2023Q11]

Show that

xk=(x+1)e*-1.

k!
k=1

In the remainder of this question, n is a fixed positive integer.

®

(i)

Random variable Y has a Poisson distribution with mean n. One observation of Y is taken.
Random variable D is defined as follows. If the observed value of Y is zero then D = 0. If
the observed value of Y is k, where k > 1, then a fair k-sided die (with sides numbered 1
to k) is rolled once and D is the number shown on the die.

(@) Write down P(D = 0).

(b) Show, from the definition of the expectation of a random variable, that

OO 1 n* _
E(D) = E ldz<ﬁ'ﬁe n>.
k=d
d=1

Show further that

1 nk £
— — e
E(D) = " k!e E d |
d=1

k=1

(c) ShowthatE(D) = %(n +1—e™).

Random variables X;, X5, ..., X, all have Poisson distributions. For each k € {1,2, ..., n}, the
mean of X}, is k.

A fair n-sided die, with sides numbered 1 to n, is rolled. When k is the number shown, one
observation of X}, is recorded. Let Z be the number recorded.

(a) Find P(Z = 0).
(b) Show that E(Z) > E(D).



[STEP 3, 2023Q12]

A drawer contains n pairs of socks. The two socks in each pair are indistinguishable, but each
pair of socks is a different colour from all the others. A set of 2k socks, where k is an integer
with 2k < n, is selected at random from this drawer: that is, every possible set of 2k socks is
equally likely to be selected.

(i) Find the probability that, among the socks selected, there is no pair of socks.

(ii) Let X,y be the random variable whose value is the number of pairs of socks found
amongst those selected. Show that
(7T N o2k-1)
() Gk —m)?

P(Xpp=71) = o

(2

for0<r <k
(iii) Show that

k(2k — 1)
2n—1
for 1 < r < k, and hence find E(Xn,k).

rP(Xpp =71) = P(Xp_1p—1=7—1),
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